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FOREWORD 


The  determination  of  wave  characteristics  and  the  interrelation  of 
these  characteristics  is  an  important  part  of  many  coastal  engineering 
problems.  The  average  height  of  a  particular  irregular  wave  train  in 
nature  may  be  determined  and  estimated  either  from  observation  or  from 
prediction,  but  frequently  of  equal  importance  is  the  variability,  or 
degree  of  variability,  of  preceding  and  succeeding  waves  about  this  average 
value.  How  much  higher  is  the  maximum  wave,  how  many  times  pet  hundred 
waves  is  it  apt  to  occur,  with  what  particular  period  is  it  most  apt  to  be 
associated,  what  is  the  relation  between  wave  heights  exceeded  a  certain 
percent  of  the  time  and  the  probable  wave  periods  associated  with  these 
heights,  etc.,  are  all  questions  which  are  important  to  the  design  of 
coastal  structures. 

A  number  of  wave  records  from  a  wide  variety  of  locations  have  been 
subjected  to  a  statistical  analysis,  and  distribution  functions  of  wave 
heights  and  periods  derived.  If  the  wave  length  is  regarded  as  equivalent 
to  the  wave  period  squared  (as  is  assumed  in  this  report)  length  distribu¬ 
tion  functions  may  also  be  derived.  The  joint  distribution  relationships 
between  length  or  period  and  the  wave  heights  have  also  „een  obtained. 
Following  these  distribution  functions,  an  analytical  expression  for  the 
families  of  wave  spectra  has  also  been  derived.  These  spectra  have  been 
compared  with  those  proposed  by  others  and  are  found  10  be  in  good,  agree¬ 
ment  with  available  data. 

This  report  was  prepared  by  Charles  L.  Bretschneider ,  a  Hydraulic 
Engineer  in  the  Research  Division  of  the  Beach  Erosion  Board,  which  is 
under  the  general  supervision  of  Joseph  M.  Caldwell,  Chief  of  the  Division. 
Although  the  major  portion  of  the  research  described  in  this  report  was 
carried  out  as  a  regular  part  of  the  approved  research  program  of  the 
Beach  Erosion  Board,  the  wc 'k  was  originally  initiated  at  the  Agricultural 
and  Mechanical  College  of  Texas  as  a  doctoral  dissertation  by  the  author. 
The  work  was  carried  on  by  the  author  at  the  Board,  and  submitted  as  a 
dissertation  at  Texas  A.  b  M.  in  January  1939,  As  such,  it  went  through 
the  usual  college  channels,  and  received  normal  editing  by  the  English 
Department  there.  Subsequent  to  award  of  the  Ph.D.  degree,  only  minor 
modifications  have  been  made  in  the  report.  At  the  time  of  publication 
of  this  report  Major  General  W.  K.  Wilson,  Jr.  was  President  ot  the  Board, 
and  R.  0.  Eaton  was  Chief  Technical  Advisor.  The  report  was  edited  for 
publication  by  A.  C.  Raynor,  Chief  of  the  Project  Development  Division. 

Views  and  conclusions  expressed  in  thio  report  are  not  necessarily 
those  of  the  Beach  Erosion  Board. 


This  report  is  published  under  authority  of  Public  Law  106,  79vh 
Cong’...s,  approved  July  31,  1945. 
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ABSTRACT 


Wave  records  from  a  vide  variety  of  locations 
have  been  utilised  in  a  statistical  analysis  of  the 
probability  distributions  of  wave  heights  and  wave 
periods;  and  a  family  of  wave  spectra  which  allows 
for  an  arbitrary  linear  correlation  between  wave 
height  and.  wave  period  squared  is  suggested.  It  is 
found  that  the  marginal  probability  distribution  of 
wave  heigits  follows  Rayleigh's  distribution  closely. 
This  conclusion  is  based  upon  90  records  of  about 
100  waves  each  plus  several  extra  long  records  taken 
In  deep  and  shallow  watt.'.  About  half  of  these 
records  represent  time  sequences  of  water  level  at 
particular  locations  and  the  other  half  ere  tins 
sequences  cf  pressure  at  subsurface  depths  (from 
wtiich  the  wave  he?  ghts  were  estimated  using  th 
linear  wave  theory). 

The  Rayleigh  distribution  far  wave  height 
variability  has  been  suggested  previously  by  Longuet- 
Higgine  and  Watters.  An  apparently  new  result  of 
the  present  work  is  that  the  marginal  distribution 
of  the  square  of  the  wave  period  alro  follows 
Rayleigh's  distribution  remarkably  well.  From  the 
Rayleigh  distribution  for  wave  length  variability 
it  is  possible  to  derive  the  marginal  distribution 
of  wave  period  variability,  also  verified  with  the 
available  data. 


An  analytical  expression  which  allowt  far 
non-iero  linear  correlation  between  wave  height 
and  peilod  squared  ie  "’iggested  for  the  Joint 
distribution  of  wavs  heigits  and  periods.  This 
Joint  distribution  is  employed  in  the  determination 
of  the  mean  wave  period  for  the  highest  waves. 

Also  ar>  analytical  expression  for  the  famil  >  ox 
wave  ejectra  is  derived  from  the  suggested  joint 
probability  distribution  of  heights  and  periods.- 
The  basic  assumption  underlying  the  suggested 
spectra  is  the  condition  of  linear  correlation 
be1- ween  wave  height  and  period  squared.  These 
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apectra  are  compiled  with  these  proposed  by 
Derbyshire  and  Neumann  and  with  the  numerically 
opeotrum  obtained  recently  from  Project 
SWOP  and  are  found  to  be  in  good  agreement  with 
the  latter.  The  spectrum  for  a  fully  developed 
sea,  a  special  case  of  the  propose  family  of 

18  also  consistent  with  th.,  ^etsureKsnts 
^ Burling  end  the  theoretical  work  of  Phillip® 
which  indicate  that  for  high  frequencies  the 
spectral  energy  is  inversely  proportional  to  the 
fifth  power  of  the  frequency.  It  is  also  found 
that  the  present  family  of  spectra  predicts  a  wan 
square  slope  of  the  sea  surface  which  is  in  closer 
accord  with  the  data  of  Cox  and  Hunk  than  that 
inferred  fr<»  the  spectra  of  Darbyshire  or  Neumann. 

It  is  proposed  that  in  the  early  stage  of  wave 
tha  correlation  coefficient  between  wave 
height  and  r^iod  squared  is  nearly  unity  because 
of  the  maximum  poesible  steepness  of  the  wares.  Xu 
the  generation  proceeds  it  is  proposed  that  the 

^cr?*8e8*  ultimately  approaching  sero 
far  a  fully  developed  sea.  Corresponding  to  the 
suggested  behavior  of  the  correlation  coefficient 
between  wave  heights  rnd  periods,  the  initial 
spectra*  is  narrow  and  becomes  wider  as  the  genera- 
tion  continues.  It  is  fouM  that  the  so-called 
significant  wave  period  is  closely  related  to  the 
optimum  or  modal  value  of  the  period  spectra  and 
hence  the  energy  of  the  waves  as  a  group  should 
have  a  propagationel  speed  approximately  equal  to 
the  group  velocity  of  the  significant  waves. 

A  revision  of  the  wave  forecasting  relation- 

SiP^eS38+d  ^*n,!*rlier  *li(  hy  Bretschneider 
t,ke  int0  Account  the  variation  in 

Nxuuu* 
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CHAPTER  I:  INTRODUCTION 


1.  General 


Statistical  characteristics  of  the  ocean  stu  *ce  are  of  interest 
in  problems  relating  to  the  erosion  of  beaches,  assign  of  coastal 
and  offshore  structures,  and  the  design  and  operation  of  floating 
structures.  Accumulated  wave  data,  supplementing  wave  fareoaetin,, 
techniques,  have  provided  means  of  predicting  the  effects  of  wind- 
generated  waves  at  a  coastline.  The  statistical  characteristics  of 
the  ocean  surface  are  related  to  the  wave  spectra,  which  in  turn  may 
be  used  to  describe  the  process  of  wave  generation  and  wave  decay. 

The  first  great  advance  in  recent  years  in  the  art  of  wave  fore¬ 
casting  was  made  by  Sverdrup  and  Munk  (191*7)*,  who  combined  the 
classical  equations  of  hydrodynamics  with  empirical  data  to  provide 
relationships  for  forecasting  waves  for  amphibious  operations  during 
World  War  II.  Their  relationships  were  revised  by  Arthur  (191*7)  and 
again  by  Bretschneider  (1951)  when  more  wind  and  wave  data  became 
available.  This  revised  method,  has  been  referred  to  aa  the  Sverdrup- 
Munk-Bretschneider  method,  or  simply  the  SMB  method.  Actually,  the 
B  deserves  little  credit  since  the  important  fundamental  work  was 
performed  by  Sverdrup  and  Munk  (191*?) ,  after  which  the  revisione 
became  relatively  simple  once  the  data  wore  available. 

These  relationships  beoant  even  more  valuable  because  of  the  work 
by  Puts  (1952),  v*io  obtained  empirical  distribution  functions  for  wave 
height  variability  about  the  mean  height  and  wave  period  variability 
about  the  mean  period.  This  information  was  utilized  in  a  paper  by 
Bretschneider  and  Fotz  (1951). 

Very  shortly  thereafter,  Longue t-Higgins  (1952)  presented  a 
theoretical  distribution  function  for  wave  height  variability  based 
on  the  assumption  of  random  phase  and  a  narrow  cpectrw,  the  distribu¬ 
tion  function  of  which  is  known  as  the  Rayleigh**  distribution.  It 
is  of  interest  to  note  that  the  Putz  distribution  and  the  Rayleigh 
distribution  are  in  very  close  agreement.  This  agreement  is  also 
verified  in  the  present  study. 

According  to  Watters  (1952)  from  her  correspondence  with  Dr. 

I!.  F.  Barber,  the  Rayleigh  distribution  for  wave  height  variability 
can  be  derived  witn  no  knowledge  of  the  wave  spect:  am,  assuming  only 
that  elevations  of  the  sea  surface  with  resjuct  to  time  possess  a 
Gaussian  distribution.  Data  by  ^utters  (1953)  and  more  by  Darlington 
(195k)  confirm  the  Rayleigh  distribution.  Thus,  the  narrow  spectrum. 


^Bibliography  beginning  on  page  182. 

■**So  called  because  it  was  derived  by  Lord  Rayleigh  if'  connection  with 
the  theory  of  sound.  See  Rayleigh  (1880). 
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Statistical  characteristics  of  the  ocean  su,  -ce  are  of  interest 
in  problems  relating  to  the  erosion  of  beaches,  assign  of  coastal 
and  offshore  structures,  and  the  design  and  operation  of  floating 
structures*  Accumulated  vave  data,  supplementing  wave  forecasting 
techniques,  have  provided  means  of  predicting  the  effects  of  wind- 
generated  waves  at  a  coastline.  The  statistical  characteristics  of 
the  ocean  surface  are  related  to  the  wave  spectra,  which  in  turn  may¬ 
be  used  to  describe  ths  process  of  wave  generation  and  wave  decay. 

The  first  great  advance  in  recent  years  in  the  art  of  wave  fore¬ 
casting  was  made  by  Sverdrup  and  Munk  (191*7)*,  who  combined  the 
classioal  equations  of  hydrodynamics  with  empirical  data  to  provide 
relationships  for  forecasting  waves  for  amphibious  operations  during 
World  War  II.  Their  relationships  were  revised  by  Arthur  (19l*7)  and 
again  by  Bretschneider  (1951)  when  more  wind  and  wave  data  became 
available.  This  revised  method,  has  been  referred  to  aa  the  Sverdrup- 
Munk-Bretachnelder  method,  or  simply  the  SMB  method.  Actually,  the 
B  da serve s  little  credit  since  the  important  fundamental  work  was 
performed  by  Sverdrup  and  Munk  (19l*7),  after  which  the  revisions 
became  relatively  simple  once  the  data  Here  available. 

These  relationships  became  even  more  valuable  because  of  the  work 
by  Puts  (1952),  tfio  obtained  empirical  distribution  functions  for  wave 
height  variability  about  the  mean  height  and  wave  period  variability 
about  the  mean  period.  This  information  was  utilized  in  a  paper  by 
Bretschneider  and  Fata  (1951). 

Very  shortly  thereafter.  Longue t-Higgirs  (1952)  presented  a 
theoretical  distribution  function  for  wave  height  variability  based 
on  the  assumption  of  random  phase  and  a  narrow  spec  tnm,  the  distribu¬ 
tion  function  of  which  is  known  as  the  Rayleigh**  distribution.  It 
is  of  interest  to  note  that  the  Putz  distribution  and  the  Rayleigh 
distribution  are  in  very  close  agreement.  This  agreement  is  also 
verified  in  the  present  study. 

According  to  Watters  (1952)  from  her  correspondence  with  Dr. 
a.  F»  Barber,  the  Rayleigh  distribution  for  wave  height  variability 
can  be  derived  with  no  knowledge  of  the  wave  spectium,  assuming  only 
that  elevations  of  the  sea  surface  with  respect  to  time  possess  a 
Gaussian  distribution.  Data  by  Witters  (1953)  and  more  by  Darlington 
(1951;)  confirm  the  Rayleigh  distribution.  Thus,  the  narrow  spectrum. 


♦Bibliography  beginning  on  page  182. 

**So  called  because  it  was  derived  by  Lord  Ray  lei  in  connection  with 

the  theory  of  sound.  See  Rayleigh  (1880). 
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the  Qaussian  distribution  of  surface  elevations,  and  the  Raylei^i  dis¬ 
tribution  of  heists,  are  all  one  in  the  description  of  the  ocean  sea 
surface. 

Cartwright  and  Longue t-Higgins  (1956)  ah  ok  that  deviations  from 
the  Rayleigh  distribution  nay  be  explained  by  'lation  in  soectral 
width. 

The  Oaussian  sea  surface  has  been  discussed  by  Pierson  (l?5U)  and 
again  in  greater  detail  with  wider  applications  by  Longue t-Higgins 
(1957). 

Making  use  of  the  work  by  Longuet-Higgins  (1952),  Neumann  (1953) 
proposed  a  wave  spectrum  for  a  fully  developed  sea  based  on  a  multitude 
of  visual  wave  observations.  This  wave  spectrum  is  the  basis  on  thich 
is  founded  a  method  for  forecasting  waves  described  by  Pierson,  Neumann; 
and  James  (1955),  sometimes  referred  to  as  the  HU  method. 

Two  other  methods  iw  forecasting  deep  water  waves  might  also  be 
mentioned.  The  method  of  Derbyshire  (1955)  is  based  on  wave  data  and 
a  wave  epectrun  somewhat  different  from  that  utilised  by  Neumann  (1953) 
The  method  of  Suthons  (192*5)  is  quite  similar  to  that  of  Sverdrup  and 
Munk  (19U7) . 

A  very  objective  verii  ication  study  of  the  above  four  methods  was 
made  by  Roll  (1957)  and  the  general  condueion  was  that  each  method 
gave  the  best  results  far  the  locations  from  tfiich  the  bulk  of  corres¬ 
ponding  wave  data  were  obtained.  This  conclusion  is  as  should  be 
expected. 

At  present  some  controversies  exist  as  to  which  method  is  the  most 
practical  and  the  most  accurate.  Although  these  controversies  are 
discussed  in  the  last  chapter  of  the  present  study,  it  is  not  proposed 
to  make  detailed  comparisons  of  various  methods  of  wave  forecasting. 
Such  a  comparative  study  is  indeed  a  separate  topic,  and  perhaps  one 
should  utilize  the  graphical  techniques  proposed  by  Wilson  (1 955),  tile 
principles  of  Wiich  can  be  adapted  to  any  method  of  wave  forecasting. 


2.  Scope  of  Present  Investigation 

Essentially,  the  present  study  consists  of  four  broad  phases! 

(1)  marginal  distributions  of  wave  heights,  lengths*,  and  periods; 

(2)  joint  distribution  of  heights  and  lengths  (and  heights  and  periods) 

(3)  a  development  of  wave  spectra  frcm  the  joint  distribution  function; 
and  (U)  revisions  in  wave  forecasting  relationships.  This  study  is 
presented  in  nine  chapters.  At  the  end  of  the  present  chapter  some  of 


#For  the  purpose  of  this  paper  the  "length1*  is  computed  from  the  wave 
period  and  ie  utilized  as  L  ■  t2.  arbitrary  units. 
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the  wave  theory  is  briefly  reviewed.  Brief  summaries  of  other  chapters 
follow  below. 

Chapter  II  describes  the  nature  and  source  of  irave  data.  Types  of 
wave  recording  instruments  are  briefly  discussed.  Methods  used  in 
analysing  the  wave  records  vary  fron  one  source  of  data  to  another, 
the  reasons  for  which  together  with  advantages  ' nd.  disadvantages  are 
discussed. 

Chapter  III  discusses  theory  of  wave  variability  far  margins?  dis¬ 
tributions  of  heights,  lengths,  and  periods.  Chapter  IV  is  the 
presentation  of  wave  data  for  comparison  with  the  theory  given  in 
Chapter  III.  It  is  confirmed  that  the  Rayleigh  distribution  is 
applicable  to  wave  heigit  variability.  In  addition,  it  is  shewn  that 
the  Rayleigi  distribution  ia  equally  applicable  for  wave  length  (period 
squared)  variability.  From  the  Rayleigh  distribution  of  wave  length 
variability,  a  distribution  function  for  wave  period  variability  is 
derived.  A  comparison  is  made  between  theory  and  data  and  also  with 
the  distributions  proposed  by  Put*  (1952).  The  agreement  is  very  good. 

Chapter  V  outlines  the  joint  distribution  between  wave  height  and 
wave  length.  It  is  shown  that  if  the  Rayleigh  distribution  applies  to 
both  wave  height  and  wave  length  variability,  it  is  impossible  to  derive 
a  joint  distribution  function  which  is  applicable  throughout  the  entire 
range  of  the  correlation  coefficient  from  +1  to  -1,  To  partially  over¬ 
come  this  difficulty  a  s'  sanation  function  is  introduced.  With  certain 
justifiable  assumptions,  and  within  certain  limits  of  application,  this 
summation  function  can  be  used  to  determine  the  mean  wave  length  or  the 
mean  wave  period  of  wave  heists  greater  than  a  given  height.  A 
comparison  between  data  and  theory  is  presented  in  Chapter  VI  and  is 
fairly  good. 

Chapter  VII  presents  a  development  of  the  wave  spectra  based  on 
the  Joint  distribution  of  wave  heists  and  lengths.  This  development 
is  made  without  ary  foreknowledge  of  the  Joint  distribution  function, 
except  that  linear  regression  between  H  and  T^  is  assumed.*  Further¬ 
more,  the  name  marginal  distribution  function  must  describe  both  wave 
height  and  wave  length  variability.  In  the  final  step,  the  Rayleigh 
distribution  function  for  length  is  introduced  to  obtain  the  length 
spectra  of  hei^it  squared,  which  is  subsequently  transformed  into  the 
period  spectra,  and  the  frequency  spectra.  The  spectra  proposed 
depend  on  the  correlation  coefficient  between  wave  height  and  wave 
length. 

Chapter  VIII  utilizes  the  wave  spectra  developed  in  Chapter  VII, 
together  with  additional  wave  data  and  other  considerations,  to  obtain 
a  revision  in  the  wave  forecasting  relationships.  The  wave  spectra 
equation  is  transformed  to  include  wind  speed  by  use  of  the  fetch 


♦Symbols  beginning  on  page  l88. 


parameter.  These  parameters  include  those  for  significant  wave  height, 
mean  wave  height,  significant  wave  period,  mean  wave  period,  correla¬ 
tion  coefficient  between  height  and  length,  minimum  duration  of  wind, 
mean  squard  sea  surface  slope,  and  the  spectral  Idth  parameter.  The 
;':;jve  are  all  functions  of  the  fetch  parameter.  t  is  pointed  out 
that  these  revisions  are  by  no  means  final,  but  only  an  additional  step 
forward  in  the  betterment  of  wave  forecasting,  since  more  suitable  wave 
data  should  be  forthcoming. 

Chapter  IX  containe  a  nummary  of  the  preceding  chapters,  but  the 
main  emphasis  is  devoted  to  comparisons  of  the  various  proposed  wave 
spectra.  It  is  shown  that  the  family  of  wave  spectra  presented  in 
this  study  is  in  better  agreement  with  available  data  than  are  the 
other  proposed  wave  spectra. 

In  addition,  suggestions  are  presented  for  possible  approaches 
Which  might  be  utilized  *n  future  studies  of  wave  vs. ' ability  and 
wave  spectra,  taking  into  account  the  change  of  correlation  coeffi¬ 
cient  during  the  generation  of  waves  and  also  the  decay  of  waves. 


3.  Basic  Considerations  in  Regard  to  Theory  of  Surface  Waves 

In  order  to  ur*deratar>d  the  complex  nature  of  ocean  waves,  and  the 
importance  of  statistical  representations  of  the  sea  surface  and  the 
wave  spectra,  it  becomes  necessary  first  to  review  some  basic  concepts 
of  wave  theory.  Equations  required  for  subsequent  developments  will 
be  summarized  here.  Derivations  and  discussions  of  these  equations 
are  not  repeated  since  they  are  readily  available  from  Lamb  (19k$) . 

In  water  of  constant  depth  the  wave  celerity  for  waves  of  small 
amplitude  can  be  represented  by  the  equation  of  classical  hydrodynamics 


C2*  (fl/h)  tanh  kd  (l.l)* 

where  d  is  the  mean  water  depth,  k  »  the  wave  number,  and  g  is 
the  acceleration  of  gravity.  A  simple  wave  is  depicted  in  Figure 
1.1,**  where  H,  the  wave  height  (equal  to  twice  the  wave  amplitude), 
ia  the  vertical  distance  between  two  successive  crests;  and  the  period, 

T,  is  the  time  interval  between  the  passage  of  two  cc.isecutive  wa.es. 

The  wave  speed  is  related  to  wave  length  and  period  by 

l  *CT  (1.2) 


^Equations  are  numbered  according  to  (1.1),  (1.2),  (2.1),  (2.2),  etc; 
the  first  number  referring  to  FIRST  ORDER  HEADING  (or  chapter)  and 
the  second  to  equation  number  for  that  chapter. 

^Figures  ars  at  end  of  each  chapter. 
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which  is  in  the  form  of  distance  equals  velocity  multiplied  by  time. 

For  deep  water,  defined  as  d>  L/2,  tanh  kd  tends  toward  unity, 
whence  from  (l.l)  and  (1.2) 


where  the  subscript  o  refers  to  deep  water. 

Shallow  water  waves  are  defined  as  those  in  a  depth  such  that 
d  L/25  and  (1*1)  because  with  sufficient  accuracy: 

c/^gd  (1.W 


This  study  considers  only  deep  water  wave  characteristics 
(H0,  7,  L0).  As  a  train  of  waves  propagates  from  deep  to  shallow 
water,  only  H  and  l  change,  but  T  remains  unchanged.  For  shallow 
water  the  wave  characteristics  H_  and  L.  may  be  obtained  from  H0 
and  L0  by  use  of  tabled  by  Wiegel  (195W. 

The  surface  profile  of  a  simple  sinusoidal  wave,  such  as 
illustrated  by  Figure  1.1,  is  given  by 

(1.5) 


where 

£  *  surface  elevation 
A  »  H/2,  wave  amplitude 
0  ■  toe  -  wt,  phase  position 
oi  ■»  2tt,  angular  frequency 
"T 

Wave  energy  for  a  progressive  sinusoidal  wave  consists  of  half 
potential  associated  with  surface  elevation  and  half  kinetic  associated 
with  particle  velocity.  The  potential  energy,  average  per  unit  of 
surface  area  is  given  by 

Vuf  2^«CZ  dx'ik/°9,<Z  (1,6) 

•'o 

where  p  is  the  mass  density  (sJugs  per  cubic  foot}  and  g  is  the 
acceleration  of  gravity. 

The  kinetic  energy,  average  per  unit  area,  is  given  by 
Ek-/£  j  p{uz  +  v2)  dz  m-jgP<lHz  (1.7) 

The  total  energy,  average  per  unit  area,  is  given  by 
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two  methods,  there  are  more  waves  corresponding  to  T  than  there 
are  corresponding  to  T  for  the  same  time  interval.  This  result? 
in  ?  >  T  and  Ti ?l/3,  but  in  general  (Ti/j)/-  will  be  approxi¬ 
mately  equal  to’  1^/3)/^=  1 

The  complex  nature  of  ocean  waves  lead  to  a  family  of  wave 
spectra,  varying  with  stage  of  generation  c:  ha  go  of  decoy  as  the 
case  may  be.  Boih  the  period  spectra  and  the  frequency  spectra  are 
used  throughout  the  paper.  It  is  important  to  distinguish  between 
spectra  and  spectrum.  The  spectnan  is  a  particular  case  of  trie 
fcally  of  spectra.  For  the  family  of  spectra  derived  in  this  study 
the  energy  for  high  frequency  is  distributed  according  to  wr-  where  n 
varies  from  -9  to  -5.  The  special  case  of  is  tho  spectrum  for  a 
fully  developed  sea,  and  in  unit  or  normal  form  is  represented  by  a 
single  exponential  curve  for  all  wind  speeds.  Although  in  standard 
form  a  separate  curve  is  obtained  for  each  wind  speed  the  term 
spectrum  is  still  retained.  Frcm  the  above  tfc )  term  spectrum  will 
apply  individurlly  to  those  proposed  by  Neumann  (1955),  Derbyshire 
(1952),  and  DarbycW "»  (1955/ »  each  of  vhich  when  "educed  to  normal 
form  can  be  represented  by  a  single  curve. 


Source  (f)  consists  of  wave  data  from  hurricane  "Audrey"  1957. 

Three  sections  of  wave  records  were  made  available  through  the  courtesy 
of  the  California  Oil  Company,  New  Orleans,  Louisiana  (1957).  The 
records  were  obtained  from  the  offshore  platform  in  the  Gulf  of  Mexico, 
location  Bay  Marchand,  in  30  feet  of  water  a  f«n  miles  from  the  coast. 
T-'-.ese  data  were  recorded,  using  the  self-calibr  *  ng  stepr resistance 
wave  gage  developed  by  tha  California  Research  Corporation,  La  Habra, 
California.  The  data  consist  of  a  mixture  of  swell  propagated  across 
the  Continental  Shelf  and  locally  generated  wind  waves  in  shallow  water. 
The  mean  wave  period  and  the  mean  wave  height  changed  somewhat  during 
the  period  of  record,  thir  being  the  only  disadvantage  of  the  records. 
Records  were  analyzed  by  the  zero-up  cross  method.  Table  2.6  gives  a 
description  of  the  data  used  from  hurricane  "Audrey". 

TABLE  2.6 

DESCRIPTIVE  DATA  FOR  HURRICANE  "AUDREY" 


necord 

No. 

Date 

Identi- 

of 

fication 

Waves 

June  27,  1957 

Calco  1 

li<2 

J.ne  27,  1957 

Cel  oo  2 

125 

June  27,  1957 

Calco  3 

70 

Source  (g)  consists  of  wind  wave  data  from  a  Berkeley  wave  tank. 
University  of  California.  Five  short  records  were  obtained  from  a 
report  by  Sibul  and  Tichner  (1956).  The  parallel  resin' ;ance  wire 
recorder,  developed  by  the  University  of  California  v...  described  by 
Morrison  (19U9),  was  used  for  recording  these  data.  These  records, 
analyzed  at  the  Beach  Erosion  Board,  were  not  investigated  as  completely 
as  those  from  the  other  sources. 

TABLE  2.7 

DESCRIPTIVE  DATA  FOR  WIND  WAVES 
BERKELEY  WAVE  MJK 


}Jo, 


Record 

Identi¬ 

fication 


of 

Waves 


TABLE  2.3 

DESCRIPTIVE  DATA  FCR  TWENTY  WIND  WAVE  RECORDS 
FROM  LAKE  TEXCMA,  TEXAS 


- ^  - 

Station  in  Milea  per  No. 

Location  Data  Tlne(CST}  Hour  and  Ideat-i-  of 

_ _ h  a  ha  Direction  Motion  Wavea 


H 

March  23, 

1951 

11  01 

11 

ia 

29  NNE 

E-D 

131* 

c 

March  23, 

1951 

12  ia 

- 

13 

n 

26  NNE 

F-D 

121 

Mar^h  29, 

1951 

09  1*7 

m 

10 

26 

32  NNW 

G-D 

108 

March 

29, 

1951 

10  56 

m 

11 

36 

30  NNW 

H-D 

116 

A 

Doe. 

8, 

1951 

15  25 

m 

15 

29 

25  N 

L-D 

115 

A 

D»o« 

8, 

1951 

15  31 

•* 

15 

35 

25  N 

M-D 

116 

A 

Dec, 

8, 

wr 

15  1*0 

15 

1*5 

25  N 

N-D 

108 

A 

Doc, 

8, 

1951 

15  59 

16 

01* 

25  N 

0-D 

108 

c 

Jan. 

9, 

1952 

13  17 

- 

13 

57 

31*  N 

P-B 

127 

c 

Jan, 

9 , 

1952 

15  07 

15 

1*7 

35  N 

Q-D 

125 

c 

Jan, 

29, 

1952 

10  51 

- 

11 

31 

39  N 

R-D 

110 

c 

Fob, 

29, 

1952 

ll  51 

- 

12 

31 

38  N 

S-D 

111* 

c 

Apr. 

3, 

1952 

10  31 

- 

11 

11 

29  NNE 

T-D 

11*7 

c 

Apr, 

1, 

1952 

11  21 

- 

1 i 

01 

30  NNE 

U-D 

11*8 

c 

Apr. 

9, 

1952 

12  07 

12 

1*7 

29  NNW 

V-D 

127 

c 

Apr, 

9, 

1952 

15  37 

- 

16 

17 

28  NNW 

W-D 

131* 

c 

May 

10, 

1952 

09  1*5 

- 

10 

15 

33  NNE 

X-D 

109 

c 

Kay 

10, 

1952 

11  1*5 

- 

12 

15 

32  NNE 

Y-D 

107 

A 

Deo, 

8, 

1951 

15  25 

m 

17 

17 

25  N 

Long 

3,808 

A 

Deo. 

8, 

1951 

15  25 

•• 

16 

01* 

25  N 

Long 

908 

TABLE  2.U 

DESCRIPTIVE  DATA  FOR  HURRICANE  WIND 
WAVE  DATA,  LAKE  OKEECHOBEE,  FLORIDA 


Station 

Location 

Date 

Time  (EST) 

h  m  h  m 

Record 

Identi¬ 

fication 

“TJ£ - 

of 

Waves 

12 

Aug.  26,  191*9 

23  1*3  -  00  21* 

L.0,-1 

131 

Aug.  27,  191*9 

00  28  -  01  30 

L.0,-2 

151* 

Aug.  27,  15i*9 

01  31*  -  02  35 

L.0.-3 

iia 

Aug.  27,  191*9 

02  39  -  03  25 

L.O.-l* 

115 
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(1952)  sub-surface  pressure  recorder  was  used.  The  instrument  was 
located  off  a  Magnolia  Oil  Company  platform,  in  38  to  1*0  feet  of 
water,  some  20  miles  from  the  nearest  land  area  off  the  Louisiana 
Coast.  The  pressure  head  was  installed  30  feet  above  the  sea  bottcm, 
or  about  8  to  10  feet  below  the  mean  water  surfac-  in  order  to  obtain 
a  minimum  of  attenuation  of  low  period  waves.  A  r<.._  Ined  in-place 
calibration  was  made,  using  visual  observations  on  a  vertical  staff, 
supplemented  with  a  limited  aaount  of  data  obtained  with  a  movie  cater*-. 
The  record,  consisting  of  l,50u  consecutive  waves,  was  obtained  with  no 
definite  purpose  in  mind,  except  that  the  wave  instrumentation  was  used 
in  conjunction  with  other  Texas  A.  ft  M.  research  projects.  The  wave 
gage  was  permitted  to  operate  during  the  period  of  installation  of 
other  instruments,  primarily  to  keep  it  out  of  the  way  of  the  installa¬ 
tion  orews.  The  long  wave  record  covered  a  period  after  the  passage 
of  a  severe  cold  front]  the  wind  speod  during  this  time  remained 
relatively  constant  between  30  and  35  knots  from  ths  north  to  north- 
northeast.  That  is,  the  wind  was  offshoro,  limiting  the  fetch  to  about 
15  to  25  miles.  These  wav  *  are  of  short  enough  period  to  be  almost 
deep  water  waves,  but  will  be  called  waves  in  intermediate  water.  This 
long  record  was  analyzed  as  15  groups  of  100  consecutive  waves  each, 

7  groups  of  200  consecutive  waves  each,  3  groups  of  500  consecutive 
waves  eaoh,  and  2  groups  of  1,000  consecutive  waves  each.  In  addition, 
the  record  was  analyzed  by  considering  the  waves  of  each  first  minute 
of  eaoh  five  minute  section  of  the  record,  thereby  building  up  a  group 
of  107  waves  in  a  manner  similar  to  that  utilized  far  the  data  from 
Lake  Tsxoma,  Fort  Feck  Reservoir,  and  Lake  Okeechobee. 

The  snorter  record,  379  consecutive  waves,  is  for  wind  waves  from 
the  southwest,  wind  between  20  and  25  knots.  Because  the  fetch  was 
quite  long,  these  waves  are  not  deep  water  but  truly  waves  of  inter¬ 
mediate  water  depth. 

The  above  records  were  collected  and  partly  analyzed  at  Texas 
A.  4  M.  on  contract  with  the  Beach  Erosion  Board.  The  completion  of 
the  work  was  mads  at  the  Beach  Erosion  Board. 

The  method  of  record  analysis  used  for  the  Gulf  of  Mexico  data 
is  known  as  the  zero-19  crossing  method  originally  proposed  by  Pierson 
(1951*) ,  sometimes  referred  to  as  the  Pierson  method.  This  method  is 
depicted  on  Figure  2,6,  It  might  also  be  mentioned  that  Pierson  and 
Marks  (1952)  also  proposed  a  power  spectrum  analycis  of  ocean  sub¬ 
surface  pressure  records.  For  the  Gulf  of  Mexico  data  used  in  this 
paper,  perhaps  the  power  spectrum  analysis  was  not  necessary,  since 
the  pressure  head  was  located  only  8  to  10  feet  below  the  sea  surface 
rather  than  on  the  bottcm  and  also  a  field  calibration  was  performed. 

In  spite  of  this  care,  it  xs  still  believed  that  seme  wave  hei^its  of 
the  very  low  periods  mi^it  have  been  attenuated  undesirably.  Table 
2.5  gives  a  description  of  the  data  used  from  the  Gulf  of  Mexico, 

Results  of  additional  wave  data  obtained  in  the  Gulf  of  Mexico 
are  summarized  in  a  report  by  Bretschneider  (195b),  the  mefhcd  of 
analysis  being  the  significant  wavs  method  described  by  Srrxijj  tss 
(1951).  The  significant  wave  method  is  quite  different  from 
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used  for  analysis  of  the  Qulf  of  Mexico  data  herein.  In  case  of 
sub-surface  pressure  recorders,  one  pressure  respor.se  factor  based 
on  the  significant  period  is  used  to  convert  the  significant  pressure 
height  to  the  significant  surface  height.  As  stated  by  Snodgrass 
''.951)  and  shown  by  Pierson  and  Marks  (1952),  »  significant  wave 

method  can  introduce  considerable  error.  In  the  analysis  us»d  in  the 
present  study,  each  wave  period  has  a  separate  calibrated  response 
factor.  Hence,  these  data  are  quite  accurate,  except  perhaps  fo>  the 
very  low  periods  which  migit  have  been  filtered  out  completely  in  the 
presuure  trace,  in  Wiich  case  these  wa-vs  will  not  appear  in  the 
computed  surface  trace. 


TABLE  2.5 

DESCRIPTIVE  DATA  FOR  WIND  WAVES 
CF  THE  QULF  OF  MEXICO 
(riAGNQLIA  PLATFORM  119F) 


Date 

Time  (C ST) 

- WPM  Velocity 

in  Miles  per 
Hour  and 

Record 

Identi- 

No. 

of 

h  m 

h 

m 

Direction 

fication 

Waves 

Dec,  9, 

1953 

10  3U.7 

-  10 

1*3.3 

30  NE 

0-1 

100 

Dec.  9, 

1953 

10  1*3.3 

-  10 

51.8 

30  NE 

0-2 

100 

Dec.  9, 

1953 

10  51.6 

- 11 

00.0 

31  NE 

0-3 

100 

Dec.  9, 

1953 

11  00.8 

- 11 

09.3 

33  NE 

0-1* 

100 

Dec.  9, 

1953 

11  09.3 

- 11 

17.7 

35  NE 

o-5 

100 

Dec.  9, 

1953 

11  17.7 

- 11 

25.6 

35  NE 

0-6 

100 

Deo.  9, 

1953 

11  25.6 

- 11 

33.1 

35  NE 

0-7 

100 

Deo.  9, 

1953 

11  33.1 

- 11 

1*1.2 

36  NE 

0-8 

100 

Dec.  9, 

1953 

11  1*1,2 

- 11 

1*9.1 

38  SHE 

0-9 

100 

Deo.  9, 

1953 

11  1*9.1 

- 11 

56.P 

1*0  ENE 

0-10 

100 

Deo.  9, 

1953 

11  56.8 

-  12 

ol*.8 

1*0  ENE 

0-11 

100 

Dec.  9, 

1953 

12  01*. 0 

-  12 

12.9 

1*0  ENE 

0-12 

100 

Dec,  9, 

1953 

12  12.9 

-  12 

21.0 

39  ENE 

0-13 

100 

Dec,  9, 

1953 

12  21.0 

-  12 

28.9 

37  NE 

0-11* 

100 

Dec.  9, 
Feb.  26, 

1953 

12  20.9 

-  12 

37.1 

35  NE 

0-15 

100 

195h 

10  10,0 

• 

26  SW 

G-16 

378 

Q-i-5 

500 

0-6-10 

500 

0-7-15 

500 

0-1-10 

1000 

- 

0-6-15 

1000 

a-i 

107 
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Source  (f)  consists  of  wave  data  from  hurricane  "Audrey"  1957. 

Three  sections of  wave  records  were  made  available  through  the  courtesy 
of  the  California  Oil  Company,  New  Orleans,  Louisiana  (1957).  The 
records  were  obtained  from  the  offshore  platform  in  the  Gulf  of  Mexico, 
location  Bay  Marchand,  in  30  feet  of  water  a  f<n  miles  from  the  coast. 
'••;ese  data  were  recorded,  using  the  self-calibr-  *ng  stet>  resistance 
wave  gage  developed  by  tho  California  Research  Corporation,  La  Habra, 
California.  The  data  consist  of  a  mixture  of  swell  propagated  across 
the  Continental  Shelf  and  locally  generated  wind  waves  in  shallow  water. 
The  mean  wave  period  and  the  mean  wave  height  changed  a  aw  what  during 
the  period  of  record,  thir  being  the  only  disadvantage  of  the  records. 
Records  were  analyzed  by  the  zero-up  cross  method.  Table  2.6  gives  a 
description  of  the  data  used  from  hurricane  "Audrey". 

TABLE  2.6 

DESCRIPTIVE  DATA  FOR  HURRICANE  "AUDREY" 


Record 

No. 

Date 

Idoiti- 

of 

fication 

Waves 

June  27,  1957 

Calco  1 

U  2 

J-ne  27,  1957 

Cel  co  2 

125 

June  27,  1957 

Calco  3 

70 

Source  (g)  consists  of  wind  wave  data  from  a  Berkeley  wave  tank. 
University  of  California.  Five  short  records  were  obtained  from  a 
report  by  Sibul  and  Tichner  (1956),  The  parallel  resis'iance  wire 

recorder,  developed  by  the  University  of  California  _ _  described  by 

Morrison  (192*9) «  was  used  for  recording  these  data.  These  records, 
arelyzed  at  the  Beach  Erosion  Board,  were  not  investigated  as  completely 
as  those  from  the  other  sources. 

TABLE  2.7 

DESCRIPTIVE  DATA  FOR  WIND  WAVES 
BERKELEY  WAVE  T/NK 


Record 

Identi¬ 

fication 

No, 

of 

Waves 

Run  #21* 

2*3 

Run  #25 

2*2 

Run  #35 

36 

Run  #31 

33 

Run 

ol. 
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FIGURE  2.1  LOCATION  MAP -PACIFIC  OCEAN 


IGURE  2.3  LOCATION  MAP  —  LAKE  TEXOMA 


FIGURE  2.5  LOCATION  MAP  -  GULF  OF  MEXICO 


figure  2.6  methods  of  wave  record  analyses 
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CHAFTTit  Ills  WAVE  VARIABILITY  AND  MARGINAL  DISTRIBUTIONS 

1.  Oencrhl 

Wave  variability  implies  that  both  the  wave  amplitvuJ.es  and  periods 
are  constantly  changing  with  reapect  to  time  and  space  as  discussed  in 
the  preceding  section.  When  H  and  T  are  considered  together  ci 
variance,  one  speaks  of  joint  distribution.  When  H  and  T  are  considered 
independently  of  each  other,  one  speaks  of  marginal  distributions.  This 
chapter  is  devoted  to  the  marginal  distribution  functions  for  wave 
height,  length,  and  period  variability.  In  order  to  3tudy  each  independ¬ 
ent  variate,  it  is  assumed  that  t!ie  Ergodic  theorem  applies,  which  in 
effect  states  that  a  long  run  average  with  respect  to  time  is  identical 
to  that  in  space.  Previous  work  on  wave  height  variability  and  wave 
period  variability  are  cited  in  the  references. 

2.  Standard  Form  and  Normal  Form 

In  wave  variability,  the  standard  forms  of  wave  characteristics 
are  ijiven  in  terms  of  H,  T,  and  L,  respectively  wave  height,  wave  period, 
and  wave  length.  Average  or  arthmetlc  means  are  n,  T,  and  £«  The 
nonial  fora  is  obtained  by  dividing  the  standard  form  by  the  corres¬ 
ponding  means,  and  by  definition 


17  ■  H/R 
t»  T/f 

A  -  L/C  •  T*/T* 


Tnese  relationships  and  notations  are  used  extensively  throughout  the 
textj  a  nvmiber  of  operations  may  be  performed  on  the  above  equations, 
for  example,  it  can  be  verified  easily  that: 


~  1.0 


dTj»  ~  dH 

dT»  -4:  dT 
T 

dA*  -4r  dL 
L 


differentials 
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standard  deviations 


SH  “RS1J 

sT  *Tsr 

SL  “LSX 


“a3T  skovneae  coefficient* 

a,  » a-, 

3L  3X 

Other  simple  operations  can  be  made,  but  the  above  are  sufficient  for 
the  present. 

3.  Marginal  Distribution  for  Wave  Heitdit 

Putz  Distribution :  Based  on  the  analysis  of  2 5  wave  records  of 
ocean  swell  Puts  (1955)  obtained  far  wave  height  variability  the  gaiuaa 
type  distribution  function: 

FIH|- r 

u  -  p  [l  -‘R) /SH  |  (3.3) 

p  m  4  y 

C^h) 

where  F(H)  is  the  cumulative  distribution  of  H 

SH  is  the  standard  deviation  of  H  from  the  mean 

a,  is  the  skewness  coefficient  for  H 

T(p)  is  the  gamma  function  evaluated  for  the  argument  x 

Putz  (19r'~'  ~>aents  empirical  relat:  oris  hips  for  the  standard  deviation 
and  the  a.  z  coefficient  as  follows: 


SH*  0.1:9):  H  +  0.120 
«3H  =  C.80 


(3.W 


Eq.  (3.3) when  evaluated  by  use  of  tables  for  the  incomplete  gamma 
functions  yields  the  cumulative  distribution.  Given  the  mean  height  ft, 
the  distribution  function  predicts  the  percent  of  waves  equal  or  less 
than  a  given  value  of  H. 


Rayleigh  Distribution :  na.o  uoigui,  varj.aouj.ny  (tongue 

Higgins  (1952)  an^  Watters  (1953 1  the  .Rayleirii  distribution  may 


wave  heigu  o  vanaoiuxty  jionguct- 
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29 


30 


Using  the  Rayleigh  type  distribution  (3»H) 


-jr“,4-^) 

-i“(.-¥) 


The  denominator  oi  (3*16)  evaluates  at  e~  4  ,  and  the 

numerator  may  be  integrated  by  parts 


>• 

j  udv*uv 

- J*  vdu 

( 

dv*  d  \ 

k«"  4  / 

du»dij 

Z2l 

v«  «~ 

4 

/*©  A 

„I2?) 

-12? 

Jx  V*  l* 

4  J  * 

«  4  ■ 

,  whence 


or  changing  the  li;.J;t8 


/•co  J  .zaf)  -12?  .  n  -II* 

/  TjdV*  4  )  ■ «  4  +  l-J  e  4  di7 


(3.16) 


(3.17) 


(3.16/ 


(3.19) 


The  remaining  integral  is  the  probability  integral  and  can  be 
evaluated  by  use  of  tables  (fierce  and  Foster  (1956)]  wtiare 

u*/v/4  17  Thus  (3.16)  becomes 

■WTp- 

*"  4  -H-*p 

^p“  irijZ 

e~  4 


(3.20) 


VttI 

Representative  values  of  ij  are  given  in  Table  3.1* 


(3.21) 


TABLE  3.2 

MOST  PROBABLE  MAXIMUM  HETGHTS 


N 

^max 

h33 

I  _  Hmax 

v..  -jc  “  -r-— 

H 

10 

1.11 

1.78 

20 

1.25 

2.00 

50 

1.U2 

2.27 

100 

1.53 

2.1;5 

200 

1.61; 

2.62 

500 

1.77 

2.63 

1000 

1.86 

2.96 

Inal  Distribution  for  Wave  Lens 


At  present  no  theoretical  distribution  function  has  been  derived 
for  wave  length  variability.  However,  based  on  empirical  data  a  gamma 
type  distribution  function  may  be  developed  for  wave  length  variability, 
which  is  very  simitar  to  the  Put 2  distribution  function  for  wave  hei^it 
variability.  In  the  next  chapter  on  statistical  analysis  of  wave  data, 
it  is  shown  that  the  distribution  function  for  wave  lengths  can  also 
be  represented  by  the  Rayleigh  distribution  with  the  same  degree  of 
accuracy  as  that  for  wave  heigrt  variability.  Thus 


(3.22) 


(3.33) 


Statistical  parameters  for  X  are  the  same  as  those  for  ij  . 

There  may  be  a  physical  reason  why  the  Rayleigh  type  distribution 
applies  for  wave  length  variability  as  well  as  for  wave  height 
variability,  and  perhaps  a  theory  may  be  proposed  for  such  an  envolve- 
ment,  It  is  not  the  purpose  of  this  study  to  develop  ary  such  theory, 
since  the  data  provide  sufficient  proof  that  the  Rayleigh  type  dis¬ 
tribution  is  applicable  to  wave  length  variability. 


al  Distribution  for  Wave  Period 


Puts  Distribution:  Based  on  the  analysis  of  25  ocean  wave  records 
of  swell.  Puts  (19>2) obtained  for  wave  period  variability  the  gamma 
type  distribution  function 
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F  IT)  * 


VC iere  F(T)  is  the  cumulative  distribution  of  T 


ST  is  the  standard  deviation  in  seconds 
a,  is  the  skewness  coefficient 

Tip)  is  the  gamma  function  evaluated  for  the  argument  x. 
Put 2  (1952)  relationships  for  standard  deviation  and  skovnccs 
coefficient  are  given  by: 


ST -0.313  T-0. 759 

a,  *0.249  f  ♦  2.795 
3T 


(3.25) 


The  above  relationships  are  intended  for  ocean  swell.  Obviously  they 
fail  -.ihen  7  is  less  than  about  2.5  seconds.  Much  of  the  wind  wave 
data  analyzed  for  the  present  paper  have  pa-iods  of  less  than  2.5 
seconds. 


Period  Distribution  from  the  Rayleigh  Distribution  of  Lengths: 

The  marginal  distribution  function  for  wave  length  variability  (3.22), 
can  be  used  to  derive  a  theoretical  distribution  function  for  wave 
period  variability  by  noting 

plr)  «(t  *p(X)  dX  (3.26) 


A  relationship  between  X  and  r  can  be  defined  by 


(3.27) 


X  =  ot2  ,  where 


a  is  a  constant  to  be  determined.  Using  (3.22),  (3.26),  and  (3.27) 
one  obtains 


TT0?T+ 

plT}*iro2r3e-  4 


(3.28) 


.laving  obtained  the  form  of  the  distribution  function  for  wave 
period  variability,  it  becomes  necessary  to  evaluate  the  factor  a  and 
the  moments. 
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i'.fry****  -  f^v 


The  rfi1  me, uni.  Mn  about  the  origin  becomes 


C  CO 

Mn»  J  rfip(r)dr 
•'o 

Using  the  transformation  z=-^~- 
and  (3.28)  one  obtains 


,  «,  TO£T5dT, 


(3.29) 


/  4  \4"  /*oo  u  -2 

i^l  l  * 


(3.30) 


The  integral  of  (3.30)  is  of  the  gamma  form,  whence 


U 

M"  *  (7^*) 


(3-31) 


M2“ ^  “-a"  1-078715 
M3"^  "  1-234196 
M4»t«  «  1.481564 


(3.32) 


From  the  above  the  standard  deviation,  skevmoss  coefficient,  and 
kurtosis,  respectively  follow: 


r*  - 1  -0.28056 


r3  — 3rZ  +-2 


«  -0.088 


(3.33) 


«4  »-^~^3:6t2-3-2.755 

T  n 

For  normal  distribution  o3-0  and  a4»3.0.  The  distribution 
function  for  wave  period  variability,  Eq.  (3.28)  becomes 

p(T)«2.7r3e“0,675T4 


(3.3U) 
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or  in  standard  form 


675  (t)‘ 


(3.35) 


The  corresponding  cumulative  distributions  become 
P(r)*l-e-0'675  ** 


(3.36) 

(3.37) 


Figure  3*2  is  a  comparison  between  (3.2k)  and  (3.  37 )  £ ?  •  10 
and  12  seconds.  The  cursulatives  for  r\  based  on  (3.13)  and  for  r  based 
on  (3.36)  are  shown  in  Fi„^e  3,3. 

6.  Summary  of  Statistical  Parameters 

Statistical  parameters  given  above  are  summarized  in  Table  3.3, 
together  with  the  empirical  relationships  presented  by  Putz  (1952) 
and  Darlington  (195k'. 


TABLE  3.3 

SUMMARY  OF  STATISTICAL  PARAMETERS 


'  '  ''  '  Longuet-  Present 

Reference  Darlington  Higgins  Paper 

_ (1952) _ (195U)  (1952)  (1958) 


Standard  Deviation 


% 

0.1,9!!  +  0.120 

0.51#  -  0.05 
(0 .53<®r 

0.523II 

0.523!! 

St 

0.313?-  0.759 

0.1,08?-  0.676 

- 

0.280T 

(0.331?)* 

0.5231 

Sl 

- 

- 

- 

SKewness 

Coefficient 

“3h 

0.80 

O.63I 

0.631 

a3T 

-0.21,9?+  2.795 

- 

-0.088 

ai' 

50 

-> 

~ 

O.63I 

- 

i.aie 

l.ld8 

33 

1.57 

1.603 

1.593 

1.595 

V10 

2.03 

2.032 

2.032 

nx5o 

• 

- 

i.ia8 

x33 

- 

- 

'.595 

x10 

- 

2.032 

*Least  square  through  the  origin. 
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It  is  seen  from  Table  3*3  that  the  statistical  parameters  based 
on  theory  are  in  close  agreement  with  those  based  on  data  by  Putz  (19S2) 
and  Darlington  (19$lt) .  Additional  verification  of  these  theoretical 
rel’  tlonships  is  presented  in  the  next  chapter. 
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FIGURE  3.1  COMPARISON  Or  RAYLEIGH  DISTRIBUTION  WITH  GAMMA -TYPE  DISTRIBUTION 


39 

l 


Percent  accumulative 

FIGURE  3.3  DISTRIBUTION  FUNCTIONS  FOR  PERIOD  VARIABILITY 
AND  HEIGHT  VARIABILITY 


CHAPTER  IV:  STATISTICAL  ANALYSIS  OF  WAVE 

DATA  FCR  MARGINAL  DISTRIBUTIONS 


1.  General 


An  abundance  of  wave  records  from  various  sources  has  been 
collected  and  analyzed  to  determine  ct>. wJ.n  stati,  ’’cal  wave  parameters 
which  might  be  compared  with  the  theoretical  relate  ..ships  glvei.  in  the 
previous  chapter.  The  source  and  nature  of  these  data  have  been 
discussed  in  Chapter.  II. 

2.  Wave  Height  Variability 

To  describe  wave  height  variability,  certain  statistical  parameters 
are  evaluated.  These  include  the  mean  wave  height,  mean  snuare  wave 
height,  standard  deviation  from  the  mean,  skewness  coefficient,  average 
wave  heights  for  heights  greater  than  a  given  height,  etc.  Table  U.l 
is  a  sunmary  of  data  for  wave  height  variability. 

Mean  Wave  Height:  Th'  arithmetic  mean  wave  height  is  obtained 
from  the  analysis  of1 ' each  wave  record  according  to 


N 

2 

i*l 


tt,l) 


where  H  is  the  mean  height,  H^  the  individual  wave  height,  and  N  the 
number  of  waves  in  the  record. 

Mean  Square  Wave  Height:  The  mean  square  wave  height  is  obtained 

from 


-L 

N 


.2  Hj! 

i»l 


Oi.2) 


and  in  unit  form 


V 


Zw 


(h.3) 


Eq.  (1;.3)  is  related  to  the  mean  wave  energy,  and  ijZ  can  truly  be 
defined  "the  energy  coefficient." 


Standard  Deviation  from  tlio  Mean:  The  standard  (root-mean-square) 
deviation  from  the  mean  wave  height  is  given  by 


(h.h) 
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The  standaid  deviation  from  mean  height  has  the  dimensions  of  feet. 
The  unit  form  of  standard  deviation  is  non-dimensional  and  is  given 
by 


U.5) 


Figure  U.l  shows  the  relationship  of  Sj|  versus  0  for  the  wava  aata, 
together  with  the  theoretical  relationship  based  on  the  Rayleigh 
distribution.  The  relationship  based  on  the  Putz  (1952)  distribution 
is  also  shown. 

Skewness  Coefficient »  The  skewness  coefficient  is  given  by 


The  skewness  coefficient  is  a  non-dimensional  parameter  and  may 
be  interpreted  as  a  measure  of  the  degree  of  asymmetry  in  the  dis¬ 
tributions,  positive  and  negative  values  corresponding,  respectively, 
to  frequency  cui .es  skewed  to  the  right  and  left.  The  skewness 
coefficient  has  the  same  numerical  value  whether  in  standard  or  normal 
form.  Figure  U.2  shows  a  scatter  diagram  of  ajjj.  The  theoretical 
value  ofajH  ■  0.631  is  shorn  by  the  horizontal  line  passing  approxi¬ 
mately  through  the  mean  of  all  data.  Based  on  these  data,  it  is  seen 
that  no  relationship  exists  between  a ^  and  H.  The  overall  mean  value 
of  0311  is  in  close  agreement  with  the  Rayleigh  distribution. 

Average  Wave  Height  for  Heights  Greater  than  a  Given  Height:  The 
average  wave  height  fox’  the  highest  50  percent,  33*3  percent,  and  10 
percent  waves  have  been  determined  and  are  summarized  in  Table  U.l. 
Figure  U.3  is  a  plot  of  data  of  Htjo  versus  0  together  with  the  _ 
theoretical  relationship.  Similarly,  Figure  U.U  is  for  H33  versus  H, 
and  Figure  U.5  is  for  H]_o  versus  0.  The  agreement  between  data  and 
theory  is  surprisingly  good.  The  scatter  of  data  is  greatest  for  H30 
versus  H,  but  this  should  be  expected,  since  only  3  to  12  waves  are 
used  to  obtain  R^o,  tfiereas  30  to  35  are_used  to  obtain  H03.  Figure 
U.6  is  the  relationship  for  Hmax  versus  H,  where  the  solid  line  is 
based  on  the  most  probable  ■  2.U50  for  N  ■  100  waves. 

From  the  above  analysis  of  wave  height  variability  it  can  be 
concluded  that  the  Rayleigh  distribution  describes  wave  height 
variability  quite  satisfactorily. 
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TABLE  iul 


SUMMARY  OF  WAVE  1  RIGHT  DATA 


Source 

and 

H 

V 

C3H 

^50 

"33 

H10 

!Imax 

Record 

feet 

feet 

feet 

feet 

feet 

feet 

a-A 

1.50 

0.73 

1.237 

0.77 

2.06 

2.30 

2,78 

3.2 

a-B 

0.65 

0.36 

1.306 

0.69 

0.85 

1.10 

1.U6 

1.9 

a-C 

0.95 

0.1*8 

1.255 

o.as 

1.35 

1.52 

1.90 

2.3 

a-D 

0.87 

0.1*1* 

1.256 

0.80 

1.20 

1.36 

1.00 

2.1 

a-E 

1.92 

1.12 

1.31*0 

.  0.60 

2.78 

3.16 

a.ia 

a.  8 

a-F 

1.82 

0.98 

I.289 

0.31 

2.61 

2.90 

3.71 

a.6 

a-G 

2.22 

1.25 

1.317 

0.78 

3.18 

3.65 

a.69 

5,8 

a-H 

2.07 

1.31 

1.1*01 

0.62 

3.10 

3.5a 

a.  36 

5.5 

a-I 

2.73 

1.53 

1.3ia 

o.a6 

3.97 

a.a9 

5.72 

7.0 

a-J 

1.13 

0.66 

1.3U 

0.70 

1.66 

1.90 

2.50 

3.0 

a-K 

h.29 

2.02 

1.222 

0.66 

5.91 

6.58 

0.37 

9.9 

a-L 

3.1 9 

1.69 

1.281 

o.aa 

a.5a 

5.15 

6.ai 

8.1 

a-M 

2.87 

1.1*1 

1.2ia 

0.1a 

a.03 

a.82 

5.3a 

7.9 

a-N 

2.62 

1.83 

i.aa7 

2.23 

3.91 

a. 60 

6.85 

11.5 

a-0 

U.63 

2.1*0 

1.268 

o.as 

6.50 

7.32 

9.22 

11.3 

a-P 

li.62 

2.06 

1.199 

o.a7 

6.2a 

6.86 

C.78 

io.a 

a-Q 

2.65 

1.2a 

1.219 

o.a6 

3.6a 

a.  07 

5.00 

6.3 

a-R 

2.29 

1.28 

1.312 

1.19 

3.00 

3.73 

5c  22 

8.0 

a-S 

2.52 

1.19 

1.223 

o.ae 

3.50 

3.91 

a.82* 

5.8 

a-T 

1.06 

0.1*5 

1.181 

0.53 

i.ao 

1.55 

1.91 

2.9 

a-U 

0.1i8 

0.33 

i.a73 

2.29 

0.68 

0.60 

1.2a 

2.5 

a-V 

5.16 

2.57 

3.21*8 

0.85 

7.10 

8.11 

10.93 

12.5 

a-W 

ii.27 

1.90 

1.198 

0.72 

5.72 

6.38 

8.56 

10.8 

a-X 

3.06 

1.19 

1-1<1 

n  1.1? 

a.Gc 

a.ao 

5.30 

6.0 

a-Y 

0.99 

0.1*5 

1.203 

2.08 

1.3a 

i.a8 

1.85 

2.a 

b-  1 

0.78 

0.50 

1.1*09 

1.11 

1.13 

1.32 

1.92 

2.2 

b-  2 

0.70 

0.70 

1.306 

0.83 

1.00 

1.1a 

1.51 

1.9 

b-  3 

1.39 

1.00 

1.523 

0.66 

2.21 

2.62 

3.35 

a.o 

b-  k 

1.51* 

1.10 

1.1*93 

1.95 

2.ao 

2.82 

3.69 

a.e 

b-  5 

1.75 

1.10 

1.108 

0.56 

2.63 

3.02 

a.oo 

5.2 

b-  6 

1.1*5 

0.93 

1.109 

2,16 

2.20 

2.51 

3.28 

a.6 

b-  7 

1.58 

1.00 

1.1*20 

2.03 

2.39 

2.72 

3.52 

5.2 

b-  8 

1.30 

0.75 

1.337 

0*1*6 

1.92 

2.18 

2.71 

3.2 

b-  9 

1.06 

0.63 

1.357 

0.52 

1.57 

1.79 

2.2a 

3.0 

b-10 

0.96 

0.70 

1.532 

1.55 

1.1*6 

1.75 

2.55 

3.6 

b-11 

1.12 

0.63 

1.320 

0.55 

1.6a 

1.85 

2.36 

3.0 

b-12 

1.78 

1.00 

1.312 

0.29 

2.58 

2.91 

3.65 

a.a 

b-13 

1.07 

1,10 

1.33a 

0.16 

2.78 

3.11 

3.66 

a.2 

b-ll» 

1.1*8 

1,00 

1.1*56 

0.78 

2.25 

2.61 

3.2*8 

a.7 

b-15 

1.1*1 

0.85 

1.366 

^.36 

2.12 

2.1*0 

2.96 

3.8 

b-16 

1.52 

0,88 

1.600 

-1.1*8 

2.26 

2.56 

3.17 

a.i 

b-17 

1.61 

1,00 

1.1*28 

0.68 

2.a6 

2.8a 

3.?a 

a.3 

b-18 

1.51* 

0.91 

1.350 

0,10 

2.27 

2.58 

3.U* 

3.6 

! 


TABLE  l*.l 
(dontinued) 

SUMMARY  CF  WAVS  HEIGHT  DATA 


l 

< 


Source 

and 

H 

n* 

% 

"H50  " 

H33 

1*10 

feet 

feet 

fee- 

feet 

feet 

feet 

b-19 

1.76 

1.10 

1.393 

0.57 

2.6 6 

3.05 

3.8 6 

5.2 

b-20 

2.03 

1.19 

1.3li2 

0.05 

3.03 

3.1*3 

3.9? 

1*.5 

C-S-D 

0.73 

0.51 

1.1*99 

0.97 

1.13 

1.33 

1.80 

2.1* 

C-F-D 

0.60 

0.1i5 

1.563 

1.1*1* 

0.91 

1.13 

1.67 

2.0 

C-G-D 

0.90 

0.53 

1.3U7 

1.08 

1.30 

1.51* 

1.93 

3.2 

C-H-D 

0.8^ 

0.U7 

1.306 

-0,1*3 

1.21 

1.37 

1.92 

2.6 

C-L-D 

1.02 

0.57 

1.312 

0.27 

1.1*9 

1.67 

1.97 

2.6 

C-M-D 

1.0U 

0.56 

1.289 

-O.Ql* 

1.1*9 

1.67 

1.95 

2.1* 

C-N-D 

1.10 

0.53 

1.232 

-0.01* 

1.51 

1.67 

2.0i 

2.1* 

C-O-D 

1.06 

0.5- 

1.231 

0.1*2 

1.35 

1.59 

2.07 

2.6 

C-P-D 

0.82 

o.li5 

1.301 

0,59 

1.17 

1.31* 

1.72 

2.0 

C-Q-D 

0.81 

0.U6 

1.323 

0.51* 

1.20 

1.31* 

1.65 

2.0 

C-R-rD 

1.20 

0.82 

1.1*66 

1.00 

1.83 

2.15 

2.96 

3.8 

C-S-D 

1.01* 

0.73 

1.1*93 

•1*.78 

1.61 

1.87 

2.60 

3.6 

C-T-D 

0.6U 

0.36 

1.317 

0.87 

0.93 

1.06 

1.35 

1.8 

C-U-D 

0.73 

o.l*5 

1.379 

0.6? 

1.09 

1.27 

1.61 

2.0 

C-V-D 

0.80 

O.I19 

1.376 

l.li 

1.17 

1.37 

1.83 

2.6 

C-W-D 

0.77 

0.36 

1.219 

6.71 

1.15 

1.33 

1.77 

2.2 

C-X-D 

0.99 

0.57 

1.332 

-O.li* 

1.1*5 

1.66 

2.09 

2.1* 

C-Y-D 

0.91 

0.53 

1.339 

0.98 

1.29 

1.50 

2.02 

3.0 

d-  1 

3.27 

1.57 

1.23 

-0,18 

1*.52 

U.98 

6.32 

7.5 

d-  2 

3.U8 

1.82 

1.27 

-0,07 

1*,99 

5.59 

6.71 

8.5 

d-  3 

2.57 

l«2l* 

1.21* 

0.65 

3.51* 

3,92 

5.10 

6.6 

d-  h 

2.36 

1.3lt 

1.33 

l.li* 

3.30 

3.75 

5.12 

7.5 

e-  1 

2.65 

1.16 

1.193 

0.31 

3.56 

3.91* 

1*.  88 

5.63 

e-  2 

3.Hi 

1.35 

1.185 

0.1*0 

lt.25 

1*.69 

5.56 

7.13 

a-  3 

2.91; 

1.05 

1.127 

0.95 

3.81 

1*.19 

5.06 

6.00 

e-  h 

2.85 

1.33 

1.216 

0.53 

3.88 

1*-31 

5.1*1* 

8.88 

e-  5 

3.11 

1.39 

1.199 

-1.11* 

1*.25 

1*.69 

5.75 

6.00 

e-  6 

3.75 

1.68 

1,200 

0.1*6 

5.13 

5.69 

6.91* 

8.02 

e-  7 

3.65 

l.li6 

1.161 

0.88 

1*.88 

5.31 

6.10* 

8.63 

e-  8 

l*.3l* 

1.90 

1.192 

O.83 

5.81 

6.50 

8.19 

10.0 

«-  9 

ii.38 

1.83 

1.171* 

0.70 

5.91 

6.1*1* 

8.00 

10.1* 

e-10 

U.60 

2.03 

1.191* 

0.75 

6.13 

6.81 

8,81 

11.8 

e-11 

5.1*1* 

2.1i5 

1.203 

0.57 

7.1*1* 

8.31 

10.25 

11.8 

3-12 

li.90 

2.26 

1.213 

0.61* 

6.75 

7.56 

9.31 

11.0 

e-13 

It.  78 

2.0li 

1.182 

0.1*8 

6.1*1* 

7.13 

8.69 

10.1 

e-U* 

It.iiO 

2.13 

1.233 

0.73 

5.66 

'..dl 

8.81 

13.3 

e-15 

ii.85 

2.19 

1.203 

C.38 

6.56 

7.39 

9.13 

10.1* 
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TABLE  U.l 
(Tlentlnued) 


SUMMARY  OF  WAVE  HEIGHT  DATA 


Source 

and 

Recc.d 

H 

feet 

Sh 

feet 

V* 

3* 

3h 

H50 

feet 

H33 

'let 

HI0 

feet 

W 

feet 

e-1  to  •» 

2.92* 

1,28 

1.18 

0.25 

3.92* 

2*.38 

5.31 

*.83 

e-6  to  10 

4.H* 

1.81* 

1.18 

0.75 

5.56 

6.19 

7.69 

l'L,8 

e-11  to  15 

it. 88 

2.22* 

1.21 

0.55 

6.63 

7.2*2* 

9.25 

13.. 6 

e-1  to  10 

3.52* 

1.65 

1.18 

• 

It.  75 

5.25 

6.50 

11.8 

e-6  to  15 

2*.  51 

2.03 

1.20 

- 

6.1.3 

6.81 

8.2*2* 

11,8 

e~-.6 

!*.08 

1.86 

1.21 

1.56 

e-17 

3.2*2 

2.29 

1.18 

0.71 

7.22 

8.00 

9.86 

li*.6 

f-  1 

10.7 

5.20 

t  -?3 

-1*.72 

15.1 

16.7 

20.1 

2l*.8 

f-  2 

11.7 

5.70 

1.22* 

1.00 

16.2 

17.6 

21.0 

28,1 

f-  3 

11.3 

1*.80 

1.18 

0.6i* 

15.0 

16.6 

20.8 

25.5 

g-2l* 

0.038 

0.011 

1.12 

0.02*6 

0.052 

0.062 

0.063 

g-15 

0.103 

0.053 

1.27 

- 

0.12*5 

0.157 

0.170 

0.176 

g-3l 

0.098 

0.038 

1.15 

- 

0.126 

0.139 

0.167 

0.171 

g-25 

0.055 

0.022 

1.16 

- 

O.071 

0.078 

0.091 

0.097 

g-35 

0.077 

0.030 

1.15 

- 

0.100 

0.119 

0,128 

0.136 

3,  Wave  Length  Variability 

To  describe  wave  length  variability  for  comparison  with  the  Rayleigh 
distribution,  certain  statistical  parameters  are  evaluated.  These  in¬ 
clude  the  mean  wave  length,  mean  square  wave  length,  standard  deviation 
from  the  mean,  skewness  coefficient,  average  wave  length  for  lengths 
greater  than  a  given  length,  etc.  The  wave  length  is. not  a  measured 
quantity,  but  computed  from  theory.  In  the  present  analysis  the  deep 
water  wave  length,  whether  in  deep  or  shallow  water,  is  given  according 
to  the  Airy  theory  (Lamb). 


It  was  found  that  the  Rayleigh  distribution  applied  in  shallow  water 
only  when  the  deep  water  wave  length  ana  not  the  shallow  water  wave 
length  was  used.  For  the  convenience  of  analysis  the  factor  g/2ir  was 
omitted  and  the  subscript  o  for  deep  water  was  also  omitted.  Thus  for 
this  pwpsr  the  deep  water  wave  length  is  defined  by 

L  *  T?-{*ec2)  (U.8) 


e,& 


To  obtain  the  actual  deep  water  wave  length  in  feot  (U.8)  must  be 
multiplied  by  g/2ir.  Table  U.2  is  a  summary  of  data  for  wave  length 
variability,  using  I>  ■  T2. 

Mean  Wave  Length;  The  arithmetic  mean  wave  length  is  obtained 
from  the  analysis  of  each  wave  record  according  to: 


N  i»!  '  N  ;■! 


•N 


(U.9) 


Mean  Square  Wavs  Length:  The  mean  square  wave  length  is  obtained 

from 


,*-i  1  ,?  =  i  I  trlf 
L*N  A  Li  Ni£i  Jl' 


(lt.10) 


and  in  unit  form 


(lull) 


Standard  Deviation  from  tne  Mean:  The  standard  (root-mean-square) 
deviation  'from  the  mean  is  given  by 


(U.'i2) 


The  standard  deviation  Tran  mean  length  in  general  has  the  dimensions 
of  f'.etj  but  einoe  period  squared  la  used  for  length,  the  dimension* 
are  seconds  squared.  The  unit  fora  of  standard  deviation  is  non- 
dimensional  and  given  by 


Sx»>/  X- 1  (U.13) 


Figure  lu7  shows  the  relationship  of  Sj(  veraua  I  for  the  wave  data, 
together  with  the  theoretical  relationship  be*  d  on  the  Rayleigh 
distribution.  The  agreement  here  is- quite  satisfactory. 

Skewness  Coefficient »  The  skewness  coefficient  is  given  by 


tU.xU) 


Figure  !i.8  shove  a  scatter  diagram  of  versus  mean  wave  length 
I  (seconds  squared).  The  theoretical  value  of  031  »  O.63I  is  shown 
by  the  horizontal  line  passing  approximately  through  the  mean  of  all 
data. 


Averago  Wave  Length  for  lengths  Longer  than  a  Given,  length:  The 
average  wave  length  for  the  longest  £0  percent  lengths,  33.3  percent 
lengths,  and  10  percent  length#  have  been  deteimined  and  are  suanarized 
in  Table  U.2.  Figure  If  9  is  a  plot  of  data  for  L$q  versus  I,  together 
with  the  theoretical  relationehip  based  on  the  Rayleigh  distribution. 
Similarly  Figures  U.10  and  lull,  respectively  are  for  L33  versuo  I 
and  L10  versus  E.  The  agreement  between  data  and  theory  ia  surprisingly 
good,  and  is  comparable  to  that  for  wave  hei^it  variability.  Figure 
U.12  is  the  relationehip  for  1^^  ■  2.1*^U  for  N  ■  100  waves. 

From  the  above  analysis  of  wave  length  variability  it  can  be 
concluded  that  the  Rayleigh  distribution  describes  wave  length 
variability  quite  satisfactorily. 


TABLE  1*»2 


SUMMARY  OF  DEEP  WATER  WAVE  LENGTH  DATA 


(Note*  L 

-  T^  for  convenience) 

Source 

and 

r 

SL 

7 

°3 

3L 

l5o 

l33 

1*0 

Wx; 

Record 

sec2 

sec2 

sec‘ 

sec2 

sec2 

see2 

a-A 

201 

116 

1.333 

0.30 

293 

319 

1*08 

576 

a-B 

11*9 

111* 

1.587 

0.61* 

21*8 

287 

35? 

1*81* 

a-C 

207 

105 

1.257 

-0.17 

288 

306 

351* 

1*1*1 

a-D 

218 

79 

1.132 

-0.50 

280 

293 

337 

1*00 

a-B 

193 

85 

1.191* 

0.56 

258 

287 

351* 

1*1*1 

a-F 

166 

70 

1.176 

0.38 

221 

239 

300 

32 1* 

a-G 

161 

89 

1.21*3 

0.78 

21*8 

276 

371 

1*81* 

a-H 

111 

1*8 

1.187 

1.26 

11*6 

169 

212 

32U 

a-I 

112 

1*3 

1.135 

0.32 

150 

161 

202 

256 

a-J 

98 

58 

1.350 

1.53 

11*1 

162 

232 

289 

a-K 

11*1 

61 

1.187 

0.90 

185 

205 

280 

321* 

a-L 

133 

65 

1.238 

0.66 

185 

207 

260 

321* 

a-M 

137 

63 

1.212 

0.76 

185 

205 

273 

321* 

a-N 

128 

72 

1.315 

0.57 

187 

215 

268 

321* 

a-0 

191* 

102 

1.278 

0.21* 

278 

310 

381 

1*1*1 

a-P 

193 

90 

1.216 

0.19 

265 

296 

31*7 

1*00 

a-Q 

88 

38 

1.185 

1.26 

117 

126 

165 

256 

a-R 

98 

1*7 

1.229 

0.82 

133 

11*8 

191* 

361 

a-S 

106 

1*1* 

1.172 

0.1*1* 

1U1 

160 

191* 

196 

a-T 

98 

1*5 

1.212 

1.52 

130 

11*5 

198 

289 

a-U 

122 

55 

1.205 

1,26 

L62 

180 

21*1 

361 

a-V 

11*5 

57 

1.151* 

0.18 

18  9 

209 

21*8 

289 

a-W 

13U 

76 

1.321* 

0.52 

197 

221 

271* 

1*00 

a-X 

132 

52 

1.151* 

0,26 

172 

186 

228 

256 

a-T 

213 

105 

1.21*2 

0,37 

2 9k 

325 

1*03 

576 

b-  1 

1*.80 

2.1*1* 

1.259 

1.62 

6.51* 

7.1* 

10.8 

13.0 

b-  2 

U.57 

2.1*8 

1.295 

0.56 

6.56 

7.2 

9-6 

11.6 

b-  3 

5.98 

3.26 

1.296 

0.1*3 

8.50 

9.7 

12.3 

ali-l* 

b-  k 

7.38 

!*.21 

1.325 

0.11 

10.81 

12.2 

H*. 5 

18.5 

b-  5 

7.61 

5.39 

1.500 

0.90 

11.85 

lU.l 

18.1* 

23.0 

b-  6 

6.1*9 

1*.89 

1.566 

1.31* 

9-99 

12.1 

17.5 

23.0 

b-  7 

6.83 

1*.1*7 

1.1*29 

0.61* 

10.1*1 

12.1 

15.2 

23.0 

b-  8 

5.68 

3=69 

1.1*22 

0.33 

8.38 

9=7 

16,8 

b-  9 

1**82 

3.71* 

1.602 

2.1*6 

7.3 

8.6 

12.9 

23.0 

b-10 

U.83 

2.93 

1.369 

1.17 

7.1 

8.0 

11.5 

13.0 

b-11 

6.1*0 

1*.25 

1. 1*1*2 

-0.51* 

9.0 

10.1* 

•H*.5 

19.1* 

b-12 

9.01 

5.73 

1.1*01* 

1.09 

13.3 

15.5 

22.0 

21*.  0 

b-13 

7.31* 

U.07 

1.307 

0.88 

10.5 

11.8 

15.5 

2i*.0 

b-ll* 

6.21 

3.93 

1.1*00 

0.87 

9.2 

10.7 

1U.6 

19.1* 

b-15 

7.50 

U.51* 

1.1*17 

1.31* 

10.8 

13.1 

18.5 

2)*.0 

b-16 

6.1*6 

1*.10 

1.1*03 

1.33 

9.5 

11.1 

15;2 

19.1* 

b-17 

7.90 

5.51 

1.1*87 

1.18 

■l2.1 

1'J*.2 

19.5 

21*.  0 

b-18 

6:91* 

J.J.7 

i  l.i). 

1.39 

10.1 

12.0 

16. U 

2l*.0 

TABLE  It. 2 
(Continued) 


SUMMARY  CF  DEEP  WATER  WAVE  LENGTH  DATA 


Source 

and 

Record 

L 

aec2 

SL 

aec2 

7 

«3 

3l 

1*50 

2 

8«Cc 

“T33 

;eo2 

1*10 

ate2 

^MtX 

sac2 

b-19 

7.10 

5.71* 

1.651* 

2.50 

11.Q 

13.2 

19.3 

1*1.0 

b-20 

7.86 

U.76 

1.367 

2.16 

11.8 

13.7 

19.0 

2i».0 

C-E-D 

1*.1*9 

2.55 

1.323 

1.71* 

6.1* 

7.2 

10.0 

13.0 

C-F-D 

3.68 

2.12 

1.318 

0.29 

5.3 

6.0 

7.5 

9.6 

C-G-D 

6.66 

2.82 

1.179 

0.08 

9.0 

9.r 

11.7 

12.3 

C-H-D 

5.93 

2.59 

1.187 

0.50 

8.0 

8.9 

11.1 

12.3 

C-L-D 

7.20 

1*.09 

1.323 

1.82 

10.1* 

12.1 

16.0 

23.0 

C-M-D 

7.06 

3.90 

1.305 

0.58 

10.1 

11.6 

ll*.3 

18.5 

C-N-D 

6.2*9 

3.U2 

1.278 

0.30 

9.3 

10.5 

12.5 

16.0 

C-O-D 

7.06 

21.1*8 

1 .1*03 

0.79 

10.6 

12.1* 

15.9 

21.2 

C-P-D 

5.6? 

2.58 

1.205 

1.20 

7.5 

8.1* 

11.3 

13.7 

C-Q-D 

5.3? 

3.08 

1.277 

0.83 

8.2 

9.3 

12.2 

16.0 

C-R-D 

7.66 

3.32 

1.187 

8.27 

11.3 

12.9 

16.8 

23.0 

C-S-D 

6.69 

1*.03 

1.361 

-0.33 

10.0 

11.1* 

H*.7 

21.2 

C-T-D 

3.99 

1.73 

1.188 

0.09 

5.6 

6.3 

7.1 

9.0 

C-U-D 

3.78 

1.55 

1.168 

0.53 

5.0 

5.5 

6.6 

9.6 

C-V-D 

5.61 

3.jl* 

1.352* 

l.ll* 

7.7 

8.7 

12.7 

18.5 

fi-W-D 

5.10 

2.93 

1.331 

0.93 

7.3 

8.3 

11.7 

ll*.l* 

C-X-D 

U.35 

1.98 

1.20? 

0.1*5 

5.9 

6.6 

8.0 

9.6 

C-Y-D 

U.89 

1.91 

1.153 

U.11 

6.2 

7.0 

9.0 

ll*.l* 

d-  1 

13.2 

10.1* 

1.63 

0.97 

20.7 

2l*.9 

3U.3 

1*1.0 

d-  2 

18.7 

13.5 

1.52 

1.75 

28.8 

33.6 

1*1*.7 

81.0 

d-  3 

21.3 

11*. 3 

1.2*5 

1.03 

32.3 

37.9 

51.1 

70.6 

d-  h 

2U.6 

13.8 

1.27 

1.80 

36.0 

1*0.8 

51.5 

61*. 0 

e-  1 

27.6 

10.2 

1.137 

-0.51* 

35.7 

1*5.5 

38.1* 

51.8 

e-  2 

26.8 

13.8 

1.265 

1.75 

33.6 

36.5 

1*3.1* 

59.3 

e-  3 

30.0 

10.0 

1.116 

3.87 

37.8 

1*0.5 

1*6.9 

53.3 

e-  1* 

27.5 

11*. 1 

1.263 

0.79 

38.5 

1*3.1 

55.2 

82.8 

e-  5 

29.1 

15.1 

1.270 

0.13 

1*1.3 

1*6.5 

59.0 

7l*.0 

e-  6 

2l*.l 

11.9 

1.21*1* 

1.07 

33.1* 

38.1* 

1*8.3 

59.3 

o-  7 

22.]; 

9-9 

1.191* 

4.19 

30,8 

1*6 

(n  * 

•V  ,  •*, 

e-  8 

2l».6 

f  -9 

1.162 

2.1*2 

31.7 

3U.8 

1*5.9 

60. 8 

e-  9 

23.3 

8.9 

1.11*6 

-0.11 

29.9 

32.8 

39.6 

l*i*.9 

e-10 

22.2 

9.6 

1.107 

0.91 

29.1* 

32.8 

1*3.6 

50.1* 

e-11 

23.8 

8.7 

1.132* 

-0.16 

30.1 

32.8 

2*1.3 

53. 3 

e-12 

2l*.6 

8.5 

1.119 

1.19 

31.5 

3l**6 

1*2.5 

50.2* 

e-13 

2l*.9 

10.2 

1.168 

0.58 

»  32.5 

35.9 

1*5.1* 

56.3 

e-ll* 

2U.3 

11.8 

1.235 

-0.77 

33.5 

38.3 

1*8.7 

56.3 

e-15 

2l*.9 

8.8 

1.125 

l.ll* 

30.5 

33.1 

39.8 

1*9.0 
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TABLE  8.2 
(Ciontinued 


SUMMARY  CF  DEEP  WATER  WAVE  LENGTH  DATA 


Source 

and 

Record 

L 

2 

sec* 

SL 

2 

sec* 

7 

a- 

3H 

l5o 

2 

sec* 

l33 

sec2 

L10 

S 

V&x 

2 

sec* 

e-  1  to  5 

28.2 

12.8 

1.210 

1.20 

37.1* 

1*2.1* 

88.6 

68. 2 

e-  4  to  10 

23.3 

10.1 

1.186 

1.90 

31.0 

31*. 7 

lil*.7 

56.5 

e-11  to  15 

2U.5 

9.7 

1.156 

0.1*0 

31*.  9 

31*.  9 

1*3.5 

53.1 

e-  1  to  10 

25.8 

11.5 

1.198 

1.55 

31*. 2 

38.6 

86.7 

60.8 

e-  6  to  15 

23.9 

9.9 

1.171 

1.15 

33.0 

3U.8 

88.1 

51.9 

e-16 

22.0 

11.2 

1.26 

0.83 

8-17 

39.3 

17.5 

1.20 

1.00 

51.9 

57.9 

78.2 

123.2 

f-  1 

62.2 

1*2.0 

1.59 

0.97 

99 

121 

I63 

207 

f-  2 

66,0 

56.7 

1.71* 

1.86 

106 

128 

187 

382 

f-  3 

75.1 

52.7 

1.50 

0.31* 

115 

131* 

190 

289 

g-28 

1.11 

g-15 

1.17 

g-31 

1.31 

g-25 

1.16 

g-15 

1.15 

8.  Wave  Period  Variability 

A  distribution  function  for  wave  period  variability  was  derived 
in  Chapter  III  from  the  Rayleigh  distribution  for  wave  length  variability. 
For  verification  of  this  distribution  function  and  comparison  with  that 
given  by  Putz  (1952),  certain  statistical  parameters  are  evaluated. 

These  include  the  mean  period,  mean  square  wave  period,  standard 
deviation  frem  the  mean  and  the  skewness  coefficient.  Table  8.3  is  a 
summary  of  data  for  wave  period  variability. 

Mean  Wave  Period  1  The  arithmetic  mean  wave  period  is  obtained  from 
the  analysis  of  each  wave  record  according  to 


-  1  N 
T*  —  I 
N  i»t 


(8.15) 
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where  7  is  the  mean  period,  Tj.  the  individual  period,  and  N  the 
number  of  waves  in  the  record.  Evidently  the  length  of  record  in 
seconds  is  t  *  N  7. 

Mean  Square  Wave  Periods  The  mean  square  wave  period  is  obtained 

from 

'r2  *  J_  2  t.2  (U.16) 

N  it|  T< 

and  in  unit  form 


U.17) 


Standard  Deviation  from  the  Mean:  The  standard  (root-mean- 
square)  deviation  from  the  mean  is  given  by 


(U.18) 


The  standard  deviation  from  mean  period  has  the  dimensions  of  seconds. 
The  unit  form  of  standard  deviation  is  non-dimensional  and  is  given 
by 


ST*\/  T2 -I 


(U.19) 


Figure  lt.13  shows  the  relationship  of  Sj  versus  7  for  the  wave  data, 
together  with  the  theoretical  relationship  based  on  the  distribution 
function  for  wave  period  variability  derived  from  the  Rayleigh  distri¬ 
bution  of  lengths.  The  agreement  here  is  quite  satisfactory.  The 
relationship  presented  by  Putz  (1952)  is  also  shown,  but  is  not  in 
agreement  f6r  the  wind  wave  data. 

Skewngs3  Coefficient;  The  skewness  coefficient  is  given  by 

.  N  rT.  ..t1! 

N  i»|  |_  Sy  J  (It. 20) 

Figure  It. lit  shows  a  scatter  diagram  of  a™  versus  mean  wave  period 
7.  The  theoretical  value  of  037  »  -0.u8c  is  shown  by  the  horizontal 
line  passing  approximately  through  the  mean  of  all  data.  The  relation¬ 
ship  'given  by  Putz  (1952)  is  also  given.  Figure  It. lit  shows  no 
relationship  between  a ^  and  7.  The  scatter  of  data  appears  great, 
but  it  must  be  remembered  that  100  waves  are  toe  few  in  number  to  • 
expect  a  minimum  of  scatter  in  the  skewness  coefficient,  and  that  the" 
overall  average  i3  more  significant. 
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! ‘ aV* |^,s5 1 •jjjap?* znTfKvr 


TABLE  i*.3 

SUMMARY  CF  WAVE  PERIOD  DATA 


Source 

and 

Record 

T 

sec 

St 

sec 

T* 

a3 

AH50J  T(H331  TiH10)  TUfe,*) 

86  sec  sec  sec 

a-A 

13.it 

1*.62 

1.119 

-0.53 

17.1* 

15.7 

15.'' 

15 

a-B 

11.2 

l*.8!t 

1.187 

0.25 

ll».0 

15.2 

ioe? 

16 

a-C 

13.7 

It.  38 

1.109 

-0.91 

15.9 

16.2 

16.3 

16 

a-D 

llt.lt 

3.21 

1.050 

-1.18 

15.6 

15.9 

15.8 

18 

a-E 

13.5 

3.21 

1.05? 

-0.26 

11*.? 

llt.l* 

11*.  2 

ll* 

a-F 

12.6 

2.65 

1.01*1; 

-0.32 

H*.l 

H*. 3 

13.7 

12 

a-G 

13.0 

3.1*1 

1.069 

-0.1*1 

lli.O 

ll*.0 

11*. 8 

ll* 

a-H 

10.3 

2.26 

1.01*8 

0.38 

10.6 

10.7 

10.9 

11 

a-I 

10.6 

2.07 

1.038 

-0.13 

10.8 

10.9 

11.0 

11 

a-J 

9.5 

2.77 

1.085 

0.51* 

9.7 

9.5 

9.2 

10 

a-K 

11.6 

2.57 

1.01*9 

0.21 

11.7 

11.7 

11.7 

12 

a-L 

11.2 

2.72— 

1.061 

0.21* 

11.8 

11.7 

11.1* 

11 

a-M 

ll.lt 

2.63 

1.053 

-0.20 

11.8 

11.8 

12.0 

12 

a-N 

10.9 

3.08 

1.080 

0.37 

10.8 

9.8 

8.1 

10 

a-0 

13.lt 

3.71* 

1.078 

-0.15 

H*.8 

13.9 

13.1 

10 

a-P 

13.5 

3.33 

1.061 

-0.15 

13.9 

Hi. 3 

12.9 

12 

a-Q 

9.2 

1.95 

1.01*5 

0.16 

9.3 

9.3 

9.7 

10 

a-R 

9.7 

2.02 

1.01*3 

0.61 

9.7 

9.6 

9.1* 

10 

a-S 

10.1 

1.97 

1.038 

-0.05 

9.9 

10.1 

9.3 

11 

a-T 

9.7 

1.92 

1.03? 

0.72 

9.1* 

9.1* 

9.1* 

9 

a-U 

10.U 

3.65 

1.123 

0.63 

10.5 

10.3 

9.8 

2 

a-V 

n.8 

2.1*1 

1.01*2 

-1.21 

12.3 

12.2 

12.3 

12 

a-W 

11.0 

3.51* 

1.101* 

-0.33 

11.8 

12.3 

12.8 

12 

a-X 

11.3 

2.12 

1.035 

-0.1*1* 

11.3 

11.2 

11.2 

12 

a-Y 

llt.l 

3.82 

1.073 

-0.67 

ll*. 5 

11*. 7 

13.6 

H* 

b-  1 

2.13 

0.51 

1.057 

0.71 

2.29 

2.25 

1.97 

1.9 

b-  2 

2.07 

0.51* 

1.067 

2.35 

2.30 

2.31 

2.31 

3.1 

b-  3 

2.3U 

0.71 

1.091 

0.03 

2.61 

2.67 

2.81 

2.2 

b-  it 

2.59 

0.82 

1.099 

0.32 

2.99 

3.30 

2.93 

2.9 

b-  5 

2.56 

1.03 

1.161 

0.15 

3.01* 

3.18 

2.93 

2.6 

b-  6 

2.38 

0.91 

1.11*6 

0.51* 

2.88 

2.83 

2.95 

2.9 

b-  7 

2.1*6 

0.88 

1.128 

0.22 

2.95 

3.06 

3.08 

2.9 

b-  8 

2,30 

0.62 

1.073 

lt.00 

2.52 

2"oO 

2.37 

2.2 

b-  9 

2.07 

0.73 

1.126 

1.11 

2.31 

2.17 

2.21 

1.2 

b-10 

2.09 

0.68 

1.105 

0.03 

2.38 

2.35 

2.21* 

2.2 

b-11 

2.1*1* 

0.67 

1.075 

0.1*8 

2.62 

2.62 

2.25 

2.7 

b-12 

2.85 

0.91* 

1.109 

0.25 

3.20 

3.08 

3.16 

l*.l* 

b-13 

2.60 

0.76 

1.085 

0.02 

2.93 

2.89 

2.83 

5e2 

D-li* 

2.36 

0.80 

1.111* 

0.26 

2.75 

2.79 

2.85 

2.7 

b-15 

2.61 

0.83 

1.101 

0.63 

2.98 

3.11* 

3.21 

2.5 

b-16 

2.1*2 

0.77 

1.102 

0.03 

2.81* 

2.78 

2.66 

3.0 

b-17 

2.65 

0.91* 

1.125 

0.1*5 

3.11 

3.26 

3.23 

3.7 

b-18 

2.50 

0.83 

1,110 

0.27 

2.8  ? 

2.P6 

2  91* 

2.5 
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TAB LS  it. 3 
(Continued) 

SUMMARY  OF  WAVE  PERIOD  DATA 


Source 

and 

Record 

T 

sec 

Sx 

sec 

T* 

b-19 

2.h9 

0.95 

1.11*5 

b-20 

2.6U 

0.9U 

1.127 

C-S-D 

2.02 

0.6U 

1.100 

C-F-D 

1.85 

0.51 

1.076 

C-G-D 

2.52 

0,57 

1.051 

C-H-D 

2.38 

0.57 

1.057 

C-L-D 

2.57 

0.77 

1.090 

C-M-D 

2.5U 

0.78 

1.091* 

C-N-D 

2.i»3 

0.77 

’..ICO 

C-O-D 

2.51 

0.87 

1.120 

C-P-D 

2.31 

0.56 

1.059 

C-Q-D 

2.3U 

0.61 

1.068 

C-R-D 

2.63 

0.86 

1.107 

C-S-D 

2.U7 

0.77 

1.097 

C-T-D 

1.9h 

0.1*8 

1.061 

C-U-D 

1.90 

0.1*1* 

1.051* 

C-V-D 

2.27 

0.68 

1.090 

C-W-D 

2.16 

0.66 

1.091* 

C-X-D 

2.02 

0.52 

1.066 

C-Y-D 

2.1U 

0.56 

1.069 

d-  1 

3.38 

1.33 

1.15 

d-  2 

U.02 

1.1*6 

1.13 

d-  3 

a.35 

1.5U 

1.13 

d-  U 

U.72 

1.53 

1.11 

e-  1 

5.15 

1.03 

1.01*0 

e-  2 

5.07 

1.01* 

1.01*2 

e-  3 

5.38 

1.01 

1.035 

e-  U 

5.08 

1.32 

1,068 

e-  5 

5.03 

1.91* 

1.11*9 

e-  6 

a.76 

1,20 

1.061* 

e-  7 

U.51 

1.1*5 

1.101* 

e-  8 

1.86 

0.97 

1.01*0 

e-  9 

U.7U 

0.90 

1.036 

e-10 

li,60 

1.03 

1.050 

e-U 

a.79 

0.91 

1.036 

e-12 

h.83 

1.1a 

1.056 

e-13 

U.87 

1.07 

1.01*8 

e-ll* 

h.77 

1.26 

1,070 

e-15 

In  90 

0.9U 

1.037 

~  f(%07"  "  ’h33)  TO&JVa® 


sec 

sec 

sec _ 

sec 

0.91 

2.83 

2.78 

2.81 

2o 

0.22 

3.09 

3.09 

3.23 

2.7 

-0.29 

2.26 

2.30 

..2a 

2.0 

2.67 

2.10 

2.16 

2.15 

2.1 

-0.1*1* 

2.60 

2.60 

2.62 

2. a 

-0.79 

2.a? 

2.53 

2.1*0 

2.0 

2.06 

2.79 

2.75 

2.73 

2.6 

-0.23 

2.77 

2 

3.05 

a.2 

-0.93 

2.80 

2.85 

2.5 

O.36 

2.95 

2.91 

2.76 

2.8 

-0.1*1* 

2.a2 

2.3a 

2.U2 

2.3 

0.68 

2.61 

2.60 

2.63 

2. a 

-0.03 

3.08 

3.09 

3.21 

2.7 

0.31* 

2.95 

3.11 

2.97 

2.7 

-0.70 

2.08 

2.09 

2.17 

2.3 

-1.87 

2.06 

2.06 

2.15 

2.1 

0.1*3 

2.a8 

2.39 

2.35 

2.8 

-0.17 

2.38 

2.a3 

2.a6 

2.7 

-0.08 

2.18 

2.2a 

2.32 

2.3 

-1.97 

2.33 

2.33 

2.a5 

2.3 

0.18 

3.98 

a.11 

a.  7a 

5.0 

0.31 

a.86 

5.21 

a.85 

a.o 

1.96 

5.01 

5.12 

5.61 

7.0 

0.29 

5.15 

5.30 

5.98 

6.0 

1.11 

5.ia 

5.U 

a.97 

5.1 

-1.57 

5.26 

5.20 

5.32 

5.3 

2.0^ 

5.13 

5.01 

a.89 

3.5 

0.55 

a.76 

a.sa 

a.51 

a.7 

-0.87 

a. 53 

a.68 

a.25 

3.3 

1.11 

a.  5a 

a.ai 

a.62 

a.3 

-2.85 

a.37 

a.19 

a.23 

a.a 

o.a7 

a.57 

a.50 

a.38 

a.  6 

1.08 

a. 78 

a.76 

a.  78 

a.5 

0.u3 

a.52 

a.51 

a.75 

a.6 

-0.36 

a.79 

a.76 

a.sa 

a.7 

-3.ao 

a. 69 

a.  69 

a.89 

5.1 

-o.a? 

a.92 

a.90 

5.0a 

5.0 

-0.61 

a.62 

a.59 

a. 55 

a.3 

-0.51 

a.?6 

a.79 

a.  8? 

a.8 
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TABLE  U.3 
(Continued) 


SUMMARY  OF  V1AVE  PERIOD  DATA 


Source 

and 

Record 

T 

sec 

St 

sec 

T* 

a3 

sec 

T(H33)  T(H10)  T0^aax; 

sec  sec  sec 

e-  1  to  5 

5.114 

1.33 

1.066 

-0.35 

14.96 

14.97 

14.79 

5.3 

e-  6  to  10 

U.69 

1.15 

1.060 

-0.8? 

14.56 

l4.h7 

14.55 

L.6 

e-11  to  15 

14.83 

1.08 

1.050 

-1.51 

14.76 

14.75 

I4.8I4 

5.1 

e-  1  to  10 

li.92 

1.214 

1.063 

-O.I4I4 

h.76 

U.72 

14.67 

5.3 

e-  6  to  15 

i;.76 

1.12 

1.055 

-1.31 

I4.66 

•4.6I 

14.70 

5-J- 

e-16 

U.57 

1.01 

1.053 

0.76 

e-17 

6.12 

1.39 

1.052 

0.01 

f-  1 

7.2  9 

3  aa 

1.17 

0.027 

9.10 

9.60 

10.1 

9.U 

f-  2 

7.145 

3.25 

1.19 

0.615 

9.00 

9.10 

8.0 

6.8 

f-  3 

8.16 

2.93 

1.33 

0.1456 

9.51 

9.70 

8.2 

10.0 

g-2U 

0.U0 

0.08 

1.039 

0.39 

O0I4I 

O.I4O 

O.3I4 

e-15 

0.5U 

0.22 

1.17 

0.67 

0.68 

0.70 

0.76 

6-31 

O.63 

0.15 

1.055 

0.59 

0.61 

0.70 

0.76 

g-25 

0.U7 

0.10 

1.0U9 

O.I48 

O.I47 

O.I4O 

0.31 

6-35 

0.53 

0.10 

1.052 

0.55 

0.58 

0.58 

O.6I4 

5.  Least  Squares  Relatic.i°hJ.ps 

If  it  is  definitely  known  that  the  origin  is  a  point  on  the  curve, 
the  straight  line  to  be  fitted  has  the  form  of  y  »  rax,  where  m  i3  the 
slope  of  the  line •  It  can  be  shown  by  least  squares  condition  that 
m  "Xxy/  £x2o  Applying  these  conditions  to  the  relationships  presented 
earlier,  one  obtains 


SS,|H 

S  HZ 

SHDH 

ZSlL 

2lz 

V  I L? 

2StT 

XT2 
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(U.21) 


Table  l*.l*  presents  the  least  squares  relationships  through  the 
origin  for  the  above  parameters,  based  on  data  for  each  source  taken 
separately  and  also  for  all  sources  of  data  taken  together.  In 
addition,  the  weighted  mean  values,  weighted  in  accordance  with  the 
number  of  records,  are  given.  For  example 


^  -  i  s  <1 

\  *  i  2fiiip 


(U.22) 


Where  S«  is  the  weighted  mean  of  standard  deviations,  N  »  85  records, 
fi  is  the  number  of  records  for  individual  sources  corresponding  to 
given  in  Table  li.lis 

There  is  fairly  good  agreement  between  theory  and  the  data  shown 
in  Table  *».l*. 


TABLE  l*.l* 

T  '-.AST  SQUARES  RELATIONSHIPS  THROUGH  ORIGIN 


Source 

a 

b 

c 

d 

e 

f 

a-f* 

No. 

Records 

25 

20 

18 

1* 

15 

3 

85 

Sji 

0.1*99 

0.621; 

0.585 

0.512 

o.uia 

0.1*66 

0.1*77 

0.536 

0.522 

sx 

0.1.61 

O.-V/ 

o.5i*2 

0.785 

0.1*25 

0.71*1* 

0.1*86 

0.51*6 

0.522 

v$0 

1.386 

1.502 

1.1*51 

1.1*11 

1.31*5 

1.373 

1.377 

1.1*21 

1.1*20 

Ho 

1.377 

1.1*81 

l.lill* 

1.822 

1.316 

1.572 

1.381 

1.1*26 

1.1*20 

r>33 

1.561 

1.716 

1.635 

1.570 

1.501* 

1.51C 

1.531* 

1.602 

1.598 

X33 

1.520 

1.718 

1.601* 

2.102 

1.1*75 

1.878 

1.528 

1.616 

1.598 

ho 

2.016 

2.159 

2.170 

1.928 

1.867 

1 . 81*6 

1.911 

2.01*6 

2.03 

X10 

1.895 

2.382 

2.060 

2.720 

1.793 

2.651 

1.913 

2.087 

2.03 

’’Wx 

2.520 

2.71*6 

2.839 

2.1*73 

?.280 

2.327 

2.388 

2.589 

2.1*5* 

Xmax 

2.!i25 

3.203 

2.715 

3.832 

2.281 

1*.122 

2.1*60 

2.770 

2.1*5* 

St 

0.21*1 

0.296 

0.263 

0.311* 

0.221 

0.306 

0.21*6 

0,261 

0.281 

#Most  probable  maximum  based  on  H  =  100. 

Weighted  in  accordance  with  number  of  records  for  eacn  source. 
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6,  Relationships  Between  Wave  Period  Variability  and  Wave  Length 
Variability 

A  relationship  between  the  standard  deviation  of  period  and  that 
of  length  can  be  obtained  by  squaring  (h.18),  dividing  by  (i*.12),  and 
collecting  terns,  whence 

W*  <*>*  (',.23) 

5l' 


since  L  *  T*, 


and  r*  * 


Based  on  the  Rayleigh  distribution  for  X  one  cto  tains 


(S Tf  -  0. 138  S|_ 


(h.2h) 


Figure  1*.1£  shows  a  plot  of  data  for  (Sm)^  versus  Sg,  together  with 
the  theoretical  relationship  given  by  (li. ?ii) ,  and  the  agreement 
between  data  and  theory  is  satisfactory. 

Figure  lj.16  shows  a  scatter  diagram  of  skewness  coefficients, 
a3T  versus  Oyi,  together  with  the  theoretical  point  ayf  ■  -0.088, 
a-n  -  0.631,  No  relationship  is  expected  between  a  3J  and  031,  except 
the  theoret?  cal  point,  around  which  the  wave  data  scatter. 

If  the  wave  records  were  more  ideal,  such  being  the  case  for 
very  long  records  under  a  state  of  no  change,  the  scatter  would  be 
nil,  whence  one  might  infer  that  the  present  wave  records  are  not 
completely  satisfactory  for  the  present  type  of  analysis.  However, 
it  must  be  remembered  that  third  moment  computations  can  lead  to 
much  scatter  when  records  of  100  waves  or  less  are  used.  Second 
moment  computations,  used  for  standard  deviations  are  not  so  sensitive 
to  the  short  records.  Figure  lj.16  might  have  been  omitted,  but  was 
included  primarily  to  emphasize  the  importance  attached  to,  and  the 
desirability  of,  obtaining  long  wave  records.  It  is  not  always 
possible  to  ootaln  long  records  and  therefore  one  must  make  the  best 
of  the  scatter  peculiar  to  short  wave  records.  However,  the  overall 
averages  of  the  statistical  parameters  are  quite  significant, 
particularly  when  a  few  extra  long  records  are  available  in  the 
general  program  of  analysis.  Extrc  long  records  available  for  this 
presentation  are  discussed  later  in  the  text. 

7.  Cumulative  Distributions 

This  section  presents  typical  cumulative  distributions  from  each 
source  of  data.  Mere  or  less  standard  record  lengths  (approximately 
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300  waves  each)  are  used  for  the  first  seven  figures  (U.3. (  through 
U«23),  one  from  each  source  of  information.  The  emulative  plots 
are  in  terms  of  ij-  H/H  and  X-  L/E  «  T2/!2.  Plotting  of  points  is 
based  on  the  method  of  Beard  (1952),  whence 


100  n- 


(It.  25) 


P  is  percent  cumulative 

N  is  the  total  number  of  waves  in  the  record 

n  is  the  order  of  tabulation  beginning  with  the  smallest 
value  of  17 (or  X)  at  n  *  3  to  the  maximum  value  of  t) 

(or  X)  at  n  =  N 

In  general.  Figures  li.17  through  It. 23  show  that  P(ij  )  and  P(X  ) 
'have  approximately  the  seme  distributions  for  each  record,  although 
not  necessarily  the  same  from  record  to  record.  The  above  is  typical 
of  nearly  all  the  wave  records,  except  a  few  which  had  very  peculiar 
distributions.  Whether  or  not  the  Rayleigh  distribution  applies,  it 
can  be  concluded  that  P(ij)  and  P(  X  ),  to  say  the  least,  have  very 
nearly  the  same  gamma  type  distributions.  However,  averages  of  all 
the  records  in  terms  of  ijand  X,  show  bothP(  17)  and  P(X  )  to  be 
typical  Rayleigh  distributions,  except  for  the  record  from  hurricane 
"Audrey. "  In  this  case  P ( X  )  includes  3well  frem  the  main  section 
of  the  hurricane  and  locally  generated  wind  waves,  the  combination 
of  which  gives  a  large  spread  in  wave  period,  with  a  correspondingly 
greater  standard  deviation. 

Figures  h-2h  and  h.25  summarize  the  cumulative  distributions 
P  (17  )  and  ’(X  ),  respectively,  for  Figures  Ji.17  -  1».23«  The 
corresponding  cumulative  distributions  P( r  )  are  given  ih  Figure  lj.26. 

For  comparison  with  non-continuous  records,  the  long  record  from 
the  Gulf  of  Mexico  was  utilized.  Waves  wore  tabulated  for  each  first 
minute  of  every  5-minute  section  until  10?  waves  were  obtalnd. 

Figure  U.27  shows  the  cumulative  distribution.  It  is  seen  that  such 
a  method  of  non-continuous  recording,  although  not  completely 
satisfactory,  is  not  entirely  objectionable.  However,  care  must  be 
taken  that  wind  speed  and  direction  and  stage  of  generation  remain 
more  or  less  unchanged  during  the  period  of  record. 

0.  Extra  Long  Wave  Record  from  Gulf  of  Mexico 

The  wave  record  obtained  in  the  Gulf  of  Mexico  consists  of  1,500 
consecutive  waves  during  a  period  for  which  the  wind  speed  and 
direction  remained  relatively  constant.  Figure  lw2fl  sh?vc  cumulative 
plots  of  r\  and  X  for  liOO  consecutive  waves,  and  it  is  seen  to  be  an 
improvement  over  Figure  lj.21  based  on  100  consecutive  waves.  The 
Improvement  is  as  should  be  expected.  When  1,000  consecutive  waves 
are  used.  Figure  1..29,  the  agreement  between  P(  77 )  and  P(\  .a 
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exceptionally  good.  Figure  a. 30  is  based  on  averaging  five 
cumulative  distributions  of  7,  and  X  ,  each  group  consisting  of 
200  waves  each,  or  a  total  of  1,000  waves.  Again  there  is  ex¬ 
ceptionally  good  agreement  between  P(tj  )  and  P(X  ). 

9.  .Extra  Long  Wave  Record  Frcra  Lake  Toxoma,  ;xas 

Three  thousand  eight  hundred  and  eight  consecutive  we  heights 
of  a  continuous  record  have  been  tabulated  by  the  U.  S.  Army  Engineer 
Division,  Southwestern.  These  mves  were  obtained  fran  Lake  Texona 
using  a  step-resistance  type  wave  recorder.  During  the  period  of 
record  the  wind  speed  and  direction  remained  unchanged  at  30  mph  from 
the  north.  The  fetch  being  limited,  the  stage  of  generation  remained 
unchanged  during  the  period  of  the  record.  These  tiat*  are  summarized 
in  Tabic  >-5. 


TABLE  h.g 


SUMMARY  OF  WAVE  HEIGHTS  FOR  CONTINUOUS  RECORD 


H  (feet) 

No. 

of 

Cases 

Cumulative 

P 

V 

7,2 

0.2 

382 

382 

10.02 

0.197 

0.039 

O.U 

36U 

72i6 

19.36 

0.393 

0.15a 

0.6 

371 

1117 

29.32 

0.590 

ooas 

0.8 

552 

1669 

a3.B2 

0.786 

0.618 

1.0 

527 

2196 

37.65 

0.983 

0.966 

1.2 

$ho 

2736 

71.8a 

1.180 

1.392 

l.U 

350 

3086 

81.03 

1.376 

1.893 

1.6 

321 

3!i07 

89.a6 

1.573 

2.a7a 

1.8 

150 

3557 

93.ao 

1.769 

3.129 

2.0 

iaa 

3701 

97.18 

1.966 

3.865 

2.2 

h9 

3730 

98.a6 

2.163 

a.679 

2.1j 

hZ 

3792 

99.57 

2.359 

5.565 

2.6 

11 

3803 

99.856 

2.556 

6.533 

2.8 

5 

38O8 

99.987 

2.752 

7.57a 
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Statistics]  analysis  of  the  above  record  gives  the  following 
results: 


Record 

Theory 

H  «  1.0173  feet 

- 

If  -  1.2757 

1.2732 

sv  -  0.525 

0.523 

a3H  -  0.1)00 

0.631 

Vg  -  2.18 

2.2l) 

^10  -  2.03 

2.03 

^33  ■  1.61 

1.60 

% 0  ■ 

1.1)2 

From  the  foregoing  summary  it  is  seen  that  this  long  record  is 
in  exceptionally  good  agreement  with  the  Rayleigh  distribution.  The 
cumulative  distribution  from  Table  1|.5  is  shown  in  Figure  U.31. 

Nine  hundred  and  eight  consecutive  wave  periods  of  a  continuous 
record  (for  the  same  storm  above)  have  been  tabulated  by  the  U.  S. 
Army  Engineer  Division,  Southwestern .  Thi3  information  is  summarized 
in  Table  U.6. 

The  cumulative  distributions  for  the  data  of  Table  U.6  are 
presented  in  Figure  l».31,  wave  length  variability,  and  Figure  U.32, 
wave  period  variability.  This  record  is  in  fairly  good  agreement 
with  theory,  based  on  the  Raleigh  distribution  for  lengths. 

Based  on  the  above  investigation  it  is  concluded  that  the 
Rayleigh  distribution  is  sufficiently  accurate  to  apply  for  most 
cases  for  wave  height  variability  and  wave  length  variability}  and 
the  corresponding  theoretical  distribution  function  of  wave  period 
variability  is  satisfactory.  This  statement  is  made  without  the 
application  of  the  Chi  square  test,  which  in  view  of  the  above  and 
the  work  of  Watters  (1953)  would  appear  to  be  repetitious. 
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TABLE  U.6 

SUMMARY  OF  VJAVE  PERIODS  FOR  CONTINUOUS  RECORD 


— 

Wo” 

T 

l«t| 

of 

Cumulative 

P 

T 

X 

sec 

sec 

Cases 

_ ~  - 

Ci.< 

0.25 

*» 

1 

0.0551 

0.203 

0.C37 

0,6 

0.7 

0.36 

0.1i9 

3 

10 

U 

lh 

0.385 

l.U? 

0.21)3 

0.28U 

0.051* 

0.073 

0,8 

0,6U 

9 

23 

2.U8 

0.32U 

O.O96 

0.9 

0.81 

5 

28 

3.03 

0.365 

0,121 

1.0 

1.1 

1.00 

1.21 

9 

7 

37 

hi; 

U.02 

U.?9 

0.U05 

0, 1)1)6 

0.1U9 

0.181 

1.2 

1.5 

l.UU 

1.69 

17 

16 

61 

77 

6.66 

8. U3 

0.1)87 

0.527 

0.215 

0.252 

l.U 

1.96 

19 

96 

10.52 

0.568 

0.293- 

1-5 

2.25 

16 

112 

12.28 

0.608 

0.336 

1.6 

2.56 

31 

1U3 

15.69 

0.6U? 

0.382 

1.7 

2.89 

23 

166 

18.23 

0.689 

O.U32 

1.8 

3.2lt 

33 

199 

21.86 

0.730 

O.U99 

1.9 

3.61 

10 

209 

22.96 

0.770 

0.539 

2.0 

U.00 

la 

250 

27.1)8 

0.811 

0.598 

2.1 

L.Ll 

20 

270 

29.68 

0.852 

0.659 

2.2 

U.8U 

60 

330 

36.29 

0.892 

0.723 

2.3 

5.29 

U7 

377 

U1.U6 

0.933 

0.790 

2.u 

5.76 

80 

U57 

50.20 

0.973 

0.861 

2.5 

6.25 

52 

509 

56.00 

1.011) 

0.93k 

2.6 

6.76 

68 

577 

63.  U9 

1.05U 

1.010 

2.7 

7.29 

33 

610 

67.13 

1.0?5 

1.089 

2.8 

7.8U 

35 

6U5 

70.98 

1.135 

1.171 

2.9 

o  .la 

13 

658 

72.U1 

1.176 

1.256 

3.0 

9.00 

nh 

702 

77.26 

1.216 

1.3U5 

3.1 

9.61 

21 

723 

79.57 

1.257 

1.1)56 

3.2 

10. 2U 

31 

75U 

82.98 

1.298 

1.530 

3.3 

10.89 

23 

777 

65.52 

1.338 

1.627 

3.U 

11.56 

36 

013 

89.1*0 

1.379 

1.727 

3.5 

12.25 

27 

8h0 

92.1)6 

1.U19 

1.830 

3.6 

12.96 

23 

8  33 

9U.99 

1.U60 

1.936 

3.7 

13.69 

12 

875 

96.31 

1.500 

2.0U5 

3.8 

Ih.hk 

1* 

079 

96.75 

1.5U0 

2.157 

3.9 

1*1.21 

li 

083 

97.19 

1.581 

2.272 

U.O 

16.00 

7 

09f' 

97.96 

1.622 

2.390 

lc.Ol 

2 

092 

98.10 

1.662 

2.511 

U.2 

17. 6U 

5 

897 

98.73 

1.703 

2.635 

U.3 

18.1-9 

2 

899 

98.95 

1.7UU 

2.762 

h.h 

19.36 

a 

903 

99.39 

1.  ?su 

2.892 

h.5 

20.25 

1 

901) 

99.50 

1.820 

3.025 

U.6 

21.16 

2 

906 

99.72 

1.865 

3.161 

U.O 

6.0 

36.00 

Jm 

1 

908 

99.9U 

2  '  M 

5.38 
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Statistical  analysis  of  the  above  record  gives: 


7 

Record 

=  2.1:66  2 

Theory 

Ts 

& 

1.1007 

1.0787 

Sv 

SK 

0.317 

0.285 

% 

m 

-0.0556 

-0.088 

T2 

K 

6.691:5 

- 

m 

1.325 

1.2732 

SX 

m 

0.5701 

0.523 

“3X 

m 

0.8705 

0.631 

Xc 

y 

m 

2.1:9 

2.26 

X10 

B 

2.19 

2.03 

X33 

a 

1.67 

1.60 

x5o 

m 

1.66 

1.62 

10.  Wave  Data  from  Step-resistance  Wave  Gage  Versus  Pressure  Gage 


It  appears  from  the  data  analyzed  in  this  chapter  that  there  is 
little  difference  in  the  statistical  parameters  obtained  from  the 
step-resistance  wave  gage  and  from  the  pressure  gage,  and  this 
difference  is  statistically  insignificant.  It  is  difficult  to 
explain  the  results  of  Wiegel  and  Kukk  (1957) ,  who  reported  a 
significant  difference  in  results  obtained  by  the  two  methods  of 
recording.  Evidently  the  Rayleigh  distribution  for  wave  height 
variability  is  not  verified  for  the  step-resistance’ wave  gage  data 
reported  by  Wiegel  and  Kukk  (1957),  and  these  findings  are  not  in 
agreement  with  the  data  analyzed  in  the  present  paper.  In  particular 
the  extra  long  record  from  Lake  Texoma  verifies  almost  exactly  tho 
Rayleigh  distribution. 
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FIGURE  4.4  H,3  VERSUS 


FIGURE  4.1^  L  22  VERSUS 


FIGURE  417  CUMULATIVE  DISTRIBUTIONS  FOR  v  AND  V 


Pt»c*rt  erf  non  ixignittaK  luiflto)  «}exrf  lo  or  Iw  (txnijlwd  X) 
FIGURE  4  23  CUMULATIVE  DISTRIBUTIONS  FOR  i,  AND  X 


10  *0  00  40  70 

Ptrc«nt  ol  wovt  hiighlt  tquol  lo  or  list  inon 
FIGURE  4.24  CUMULATIVE  DISTRIBUTIONS  FOR  V 
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CHAPTER  Vs  WAVE  VARIABILITY  AND  JOINT  DISTRIBUTION 


1,  General 


The  joint  distribution  of  wave  heights  and  lengths  (or  wave 
heights  and  periods)  in  general  is  difficult  to  describe  completely 
for  all  conditions  of  correlation.  Tliree  spec  111  cases,  however, 
can  be  investigated  in  detail.  Case  I,  non-co,  'lation,  3?  perhaps 
the  most  likely  to  be  encountered  by  engineers  and  oceanographers. 

Cases  II  and  III  are  the  trivial  cases  for  correlation  coefficients 
of  r  «  +1  and  r  ■  -1,  respectively,  r  *  -1  perhaps  never  occurs  in 
nsture.  r  ■  +1  might  occur  in  the  very  early  stages  of  wave 
generation  for  high  wind  speeds  and  short  fetch  lengths,  r  ■  +1 
might  also  tend  to  occur  for  very  long  decayed  swell.  An  important 
factor,  although  r  -  il  are  trivial  cases,  is  that  these  cases 
represent  the  boundary  limits  between  which  all  other  cases  occur, 
thereby  permitting  use  of  necessary  approximations  supplemented  with 
wave  data  to  describe  the  conditions  where  correlation  exists. 

Figure  5.1,  for  example,  is  a  scatter  diagram  of  r/  and  A  for  a  very 
low  degree  of  correlation.  The  fact  that  both  marginal  distributions 
p(  ij )  and  p(  A )  are  of  the  sane  type  is  of  some  help.  The  bivariate 
asymptotic  problem  of  joint  distribution  for  the  Rayleigh  '(or  a 
modified  Rayleigh  type)  distribution  has  ye  t  to  be  solved.*  If  waves 
possessed  the  Gaussian  distribution,  and  they  sometimes  do  quite 
closely,  there  would  be  no  difficulty  since  the  joint  distribution 
between  two  normally  distributed  dependent  variates  has  been  covered 
quite  satisfactorily,  for  example,  Uspensky  (1937)  among  othe>-s. 

Wooding  (1955)  presents  an  approximate  joint  distribution  for  wave 
amplitude  and  -'‘requency  in  random  noise. 

The  correlation  coefficient  measures  the  strength  of  the 
relationship  between  two  variables,  but  only  when  that  relationship 
is  linear.  It  is  necessary  to  assume  a  linear  relationship  between 
■q  and  A ,  and  this  assumption  appears  justified  from  the  data  analysis . 

A  summation  function  is  introduced  for  the  purpose  of  estimating 
the  mean  period  of  wave  heights  above  a  given  height. 

2.  Some  Basic  Concepts  on  Joint  Distribution 

The  general  for-  of  the  joint  distribution  function  for  two 
dependent  variates  can  be  written  as  the  product  of  two  functions 


P  (■»),  A)=p(ij)  •  p,(;  \A) 


(5.1) 


"•(Through  recent  correspondence  with  Dr.  E.  J,  G umbel  of  the  Department 
of  Industrial  Engineering,  Columbia  University,  Hew  fork  City,  it  h.-.i 
been  learned  that  he  solved  this  problem  applicable  for  the  correlation 
coefficient  between  r  ■  ^0. 31396. 


7  b 


which  states  that  the  probability  of  both  a  particular  value  of  tj 
ard  X  occurring  simultaneously  is  equal  to  the  probability  that  '.) 
will  occur  times  the  probability  that  X  will  cccur,  assuming  that  77 
occurred.  p(  77 )  is  the  marginal  distribution  function  for  77 ,  and 
p,,  (  X)  is  the  conditional  probability  function  of  X  ,  the  condition 
being  that  17  occurred.  Eq.  (5*1)  mi^it  also  have  been  written 

p(X;ij)-p(X)  •Px(tj>  (5.2 

in  which  case  p(  X)  is  the  marginal  distribution  function  of  X  and 
p,  (77  )  the  conditional  probability  function  of  77  .  The  marginal 
distribution  functions  are  given  by: 


,00  /’CO 

plijl p(ij,X)dX*  p(tj J  p^(X)dX 

r  00  fCD 

p(X)  *  j  p(X,77  )dij  *  p(X }  J  px(*/)di? 


Since  the  marginal  distribution  functions  are  Rayleigh  dis¬ 
tributions,  only  the  conditional  probability  functions  are  required 
for  the  complete  solution,  which  will  not  be  attempted  in  the  present 
study. 

The  correlation  coefficient  is  given  by 

_ *5LrJ__ 


[(,*-.)(  *-.)  f 


there  the  expectations  X  )  -  77  X  ,  E(  77*- )  »  77^,  and  E(\  2)  ■  X  2 
are  given  by 


_  /•&)/•  CO 

1?X»  /  J  v; X  p(-»7 , X )  dr}  dX 

•'O  ¥  (\ 


_  ("CO 

77 2  *  /  17*  P <17)  d77 

*0 


Xz  plX)dX 
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3.  Special  Cases  of  Joint  Distribution 

Case  I.  lion-corre.ation  of  r  -  0:  In  Chapter  II  the  marginal 
type  Rayleigh  distribution  functions  were  given  in  normal  or  unit 


ir  —  -I  T)^  H 

p(v)a  fvc  4  "  » 

_  _  Z  X2  L 

ptX)"f  Xe  4  t  X«  = 


(5.io) 


When  zero  correlation  exists  the  joint  probability  is  the  product 
of  the  marginal  distribution  functions,  vtfience  (5.1  and  (5.2) 
become 


d(ij,X)  *  piij)  •  p(X) 


(5.11) 


or  using  (5.9)  and  (5.10) 


_2  ir  j  ir  i 

•"  4  ^  *  Xe~  4 


(5.12) 


In  terms  of  -jj  and  r  (5*12)  becomes 

P(ij,t)“  1.35  tc  e  4^  .T3e“°-6^^T4 


(5.13) 


Eq.  (5.13)  is  more  useful  than  (5.12)  3ince  the  variables 
actually  measured  are  H  and  T,  L  being  a  computed  quantity.  Table 
5.1  gives  the  number  of  waves  per  1,000  that  would  occur  on  the 
long  run  average  for  0.2  increments  of  rj  and  t. 

The  integrated  equation  or  the  cumulative  joint  distribution 
for  zero  correlation  is  obtained  from 


p(ij,  X)  dTJ  uA, 


(5.11*) 


and  using  (5.12),  the  order  of  integration  being  indite  rent,  one 
obtains 


P{ij,X)« 


I  — e 


-Z3! 

4 


(5.15) 


Eq.  (5.15)  gives  the  percent  of  waves  P[-q,  X]  having  -q  equal 
to  or  less  thfcn  some  specified  value  and  at  the  same  time  having  X 
equal  to  or  less  than  some  specified  value.  T.:e  only  limitation 
on  (5.15)  Is  that  no  wave  can  be  staeper  than  the  critical  value 
of  H/L  ■  1/7,  according  to  the  Kiohell  (1893)  theory.  In  terms 
of  T)  and  t  (5.15)  becomes 


PHO.b-.-X-lt,-.-  °'675  r"]  <5.W) 


Consider  the  scatter  diagram  of  Figure  5.1,  for  example, 
where  four  quadrants  are  given:  I,  P  [1,1]  j  II,  P[cO,  1] 
•P[l  .  1]  .5  HI,  P[co,co]-  P&o,  1]  -  p  r  1  ,cc0+  P  [  1  , 

and  IV,  P  [  1  ,00]  -  P[  1  ,  1]  .  If  zero  correlation  r  ( -q  ,  X) 
■  0,  exists  then 


i]; 


Pj  ”29.6  percent 
Pj!  •  2h,  8  percent 
Pm  -20.8  percent 
PjV  *  2h,8  percent 


(5.17) 


When  zero  correlation  exists  the  equations  of  regression  lines 
are  given  by 


7)  ■  I 

X  ”  I 


(5.18) 
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JOINT  DISTRIBUTION  OF  H  AND  T  FOR  ZERO  CORREIATION 
Number  of  Waves  Per  1,000  Consecutive  Waves  for  Various  Ranges  in  Height  and  Period 


S 

Q 

O 

M 

or 

w 

a« 

ea 

> 

M 

e-i 

< 

w 

CX 

53 

H 

W 

O 

(X 


o 

O  CM 


cO  O 

•  • 

H  CM 


I 


CM  -X 


I 

O  CM 


H  rH 


vO  O 

♦  • 

O  rH 

\ioo 

•  • 

o  o 


JfvO 


o  o 


I 

CM  ^3 


o  o 


CM 

<i  o 


c  o) 

H  >  -P 
•H  xl 

qj  ■p  «)  fa: 

<3  *H  \ 
CH  Offi 

'fi* 


Is 


rH  fA_=r_3CAcACM-=t-^cAcACAcAcA 
CO  rH  n  H  H  (niAH  o  OnOO  CM  H  CO 
•  ••••••••••*•• 

O  On  r-  vO  U\CO  nO  t-*  CA  CM  CO  O  NO  CO 
r^H^=JO\.^t^-cONp  CM  \A  Is-  On  On  On 
H  CM  ca\AnO  ?-cO  On  On  On  On  On  On 


HCMHO  OnOOnCMOO 
OOCACMCOOncMH'OOnCO 


o  o  o 

On  r- 


UJ  VW  n  UNUJ  <  */N  I”" 

•  •••«••*•••••• 

o  CO  CO  CO  CO  fACO  O  U\  On  1A  rH  \n  CM 
CA CO  CM-3-=tCAOCOVT\CMCMrH 
H  H  H  H  rH 


CA  rH  CM  CM  rH  On  C'-lA  CA  C\J  rA 
O'OrHHrHHOOOOOO 

•  ••••••««»•• 

oooooooooooo 


-4C0  4C^h-0\rlO  CA  CA  On  fA  p*. 
«AOn3vOvO-^CMCKnO  CA  CM  rH  O  O 

«••••••••*•••• 

OOHHrHnHOOOOOOC 

CM -4  On  A- CO  0-^CMCONOrHrHts-r>- 
On -3  On  CM  CM  CA  C-  O  -SCO  nO  C^-cAH 
•  ••••••««••«•• 

rH  1A  f—  On  OncO  nO  1A  CA  r-l  H  O  O  O 

rH  O  V\  On  vO\A04V\Nh-  CM  f*- 
CAO  rH  nO  OwOCKM>H-itONO-^ 
,»«»*•••••!••• 
\A  IA  CM  \A  IA  CM  CO  CAOnIA-^JiH  rH  O 
CM  CM  CM  CM  rH  H 


On  CM  ‘lA'O  H  t"-  C  nO  F-tA  O  On  \A  rH 
OONvOOHONjrl'OCOCOCMAh- 

CO  CA  CA  On  On  -O  CO  H  -S  r-vO  CM  r-l  O 
CM  CA  rA  CA  <A  CM  CM  rH 


CO  vOlACO  CA  On  nO  On  CA\A\A-S  C-  C— 
vO^OnOHHO\0  On-S-JSCO  -^nO 

h  cano  o  cac--no  cm  h  o 

CM  CA  CA  CA  rA  cm  CM  rH 


nOCOCAOOHCMC^-CMCMCMOnOcACA 
CO  c*-  CM  -CtXA  O  O  r-co  r-OCO  On_iJ 

^JcAO  (AfAHC-WCO-4-^  H  O  O 
rH  CM  CM  CM  CM  rH  rH 


mH-^rHCVJ^H^CMONCMvO  OncO 
O  CO  IA  On  On  00  CM  CA  t —  On  C"—  t*-  <A  rH 

CM  VACO  On  On  CO  MT,(AHHOOO 


O  HnO  O  O  Q  CO  CM  CO  On-^ 

\A-Sf  O  H  r-  CA  On-S-S  rH  O  O 
•  ••»••  •  •••••» 
O  rH  CM  W  w  in  r!  r!  O  O  O  O  O  O 


<A  O  -Z}  nO  'O  IA  CM  On'O  C^CAHH 
OHHHHrlHOOOOOC 

•  ••••««•••••• 

OOCiOOOOOOOOOO 


oj  J'Oco  O  (VI  JvO<0  O  w  J'Oco 
•  •»•«••••••••• 

OOOOrHrHrHrHrHCJCMCJCMCM 
I  t  I  I  t  I  i  I  I  I  J  I  I  V 

O  CM  NO  CO  O  CMPJnOCO  O  CM  -X'O 

OOOOrHrHHHrHCMCM  CMCM 


CA 

CO 


NO 


CM 

nO 


CA 

O 


CM 

fr- 


£> 

On 

CM 

NO 

CM 


IA 

NO 

CO 

-X 

CM 


3 


r- 

IA 


NO 

NO 


8 

NO 


On 

O 


O  I 
•  CC 

7-3 

O  g 


o 


77 


tiva  1.0?  17.15  83.59  2U1.05  W9.70  752.63  92U.66  986.82  998.00  998.83 


Case  II.  Correlation  Coefficient  r  -  +1.0:  If  tne  correlation 
coefficient  between  i)  and  X  is  \  )  ■  +1.0,  then  all  data  will 
fall  on  a  8trairht  line  in  the  form  y  "  mx  +  b,  a  regression  line. 

In  thia  caae  if  both  rj  and  X  posaea8  independently  the  Rayleigh 
marginal  diq£ributionii,  then  the  alope  m  “  +1.0  and  the  line, "passing 
through  7j  *  X  ■  1.0,  will  paaa  through  the  origin  »  X  *  0.  Thus 
the  equation  of  the  regreaaion  line  ia 

Vm  x  ’FT"  X 

_  (5.19) 

X^ij  or  Xtj 


It  can  be  aeen  that  the  joint  distribution  will  be  obtained  by 
uae  of  either  marginal  distribution  and  the  equation  of  the  regression 
line.  Assuming  the  Rayleigu  distribution  still  applies,  and  it  is 
possible  that  it  does,  one  obtains  for  the  joint  distribution 


vx 


(5.20) 


Similar  to  (5.17) ,  the  percent  of  waves  in  each  quadrant  far 
r(jj,  X  )  ■  +1.0  is  given 

II  ■  5h.U  percent 

PH  "  ,0  (t 

PlU  U5.6  percent  '' 

PlV  «  0 

To  prove  that  (5*20)  is  the  relationship  for  r  *  1.0,  multiply 
both  sides  of  (5.19)  by  ij  and  take  the  mean;  and  again  by  X  and  take 
the  mean,  whence 


x2  «^x 


(5.22) 
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jjpjj j  vt Tf.  y*  ^5  — ■*«»  ?  p- 


The  correlation  coefficient  r  is  obtained  from  (5.5),  viience 


r(ij ,  X)  > 


X-< 


[( 7,2  -l)(7-l)]7 


7,  X  —  I 

W1  ! 


■  *  +  i.O 


(5.23) 


I 


The  limitation  of  (5.21)  is  that  H/L  <  1/7.  It  can  be  seen  that  if 
H/L  ■  1/7  all  waves  have  H/L  -  1/7  and  all  are  breaking  waves.  In 
general  H/L  *  constant  for  r  •  +1.0,  and  can  apply  to  long  swell 
having  constant  steepness,  if  such  a  case  actually  exists. 

Case  III.  Correlation  Coefficient,  r  ■  -1.0 1  If  tna  correlation 
coefficient  rl  tj,  X  )  *  -1.0  then  all  data  will  fall  on  a  straight  line 
of  the  form  y  =  mx  +  b.  In  this  case  the  slope  m  *  -1,0  and  the  line 
will  pass  through  the  point  If  *  T  ■  1.0,  but  will  not  pass  through 
the  origin.  The  equations  for  the  regression  lines  are  given  by 


t, *  2-X,  or  7,^*  2 -  X 
X-2-t,  »2-ij 


(5.2U) 


It  cannot  be  assumed  that  p(  t,  )  and  p(  X  )  are  Rayleigh  dis¬ 
tributions  for  r(7j,X)  ■  -1.0,  since  this  assumption  would  lead  to  an 
ambiguity.  If  t(tj  ,  X )  ■  -1.0,  then_Pj  “  Pjjj  -  0,  since  the 
regression  line  passes  through  If"  X  ■  1.0.  If  p(i? )  and  p(X  ) 
have  the  same  distribution  functions,  the  number  of  waves  for 
7,  “  1.0  is  the  same  as  the  number  of  waves  for  X5  1,0,  then 
Pji  -  Pjv  *  50.0  percent.  If  one  attempts  to  apply  the  Rayleigh 
distribution  Pji  -  5U.U  and  P jy  *  5U-U  percent,  the  sum  of  which  is 
106.8  percent,  an  impossibility.  Perhaps,  the  Rayleigh  distribution 
fails  at  some  lower  negative  value  of  Ht,  ,  X).  This  failure  is  of 
no  immediate  concern,  since  the  distribution  function  will  tend  to 
change  for  large  negative  t(t,  ,  X)  d’ie  to  physical  factors.  If  such 
a  correlation  could  exist  in  nature,  this  would  mean  that  the  highest 
wave  has  ihe  shortest  length  and  the  lowest  wave  the  longest  length. 
This  is  certainly  the  trivial  case  and  one  must  remember  that  the 
case  of  rO>,,X;  «  -i.O  is  considered  only  as  a  boundary  condition. 

For  two  other  variates  not  having  the  limitations,  of  breaking 
ocean  waves,  it  is  conceivable  r  »  -1,  whence 


Pi  -  0 

FlI  *  50  percent 

Fill  “  0 

Fiy  •  50  percent 


(5.25) 
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To  Drove  that  (5* 2k)  is  tte  equation  for  regression  line  when 

r(r,  ,  X  )  *  -1.0  multiply  both  sides  first  by  77  and  take  the  mean,  ana 

again  by  X  and  take  the  mean,  whence 


7)2  *>  217  —  "rjT 
?  «  2X 


(5.26) 


and  since  tj  «T  •  1.0  and  using  (5«5)>  one  obtains 


7)  X—  I 

r(vi ,  X)  *  — - ■-I.0  (5.27) 

\-Ti 

li.  Summation  Function 

An  unsuccessful  attempt  by  Bretschnaider  (1957)*  was  made  to 
find  the  proper  joint  distribution  function  which  would  satisfy  the 
rules  of  probability  and  which  would  also  lead  to  Rayleigh  marginal 
distribution  functions.  From  tie  above,  it  is  seen  that  unless  the 
marginal  distributions  deviated  from  the  Rayleigh  type  between  r  •  0 
and  r  ■  >1.0,  no  continuous  joint  distribution  function  could  exist 
over  the  complete  range  of  r  *  +1.0  through  r  *  0  to  r  ■  -1.0.  To 
overcome  this  difficulty  somewhat,  and  at  least  obtain  some  important 
information  on  joint  distribution  of  waves  a  new  function  is 
introduced,  the  summation  function  defined  below.  Consider  the 
scatter  diagram  of  17  versus  X,  Figure  5.1,  for  example,  and  sum  all 
values  of  X  with  respect  to  between  -Ay 2  and  +  Ay2  as  Atj  goes  to 
zero.  Denoting  this  cum  a3  S\  (17  ),  the  mathematical  definition  of 
the  summation  function  is 


o  fCO 

)*J  X pt?7 ,  X>  dX 


(5.28) 


or  vising  (5.1) 


Sx  (77) »  p(vj) 


(5.29) 


The  integral  of  (5.29)  is  nothing  more  than  the  equation  of  the 
regression  line  of  X  on  77,  whence 
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S  tv) 

_  X  r  00 

\r>  -  - =J  Xpn  (X)dX 

1  P(i j)  */o  ^ 


(5.30) 


S,W-  Xtj  p(i)) 


(5.31) 


A  similar  equation  can  be  obtained  by  interchanging  X  and  ij  to  tj  and  X. 
Thua 


S^tXe  17  ^  p  (X) 


(5.32) 


Eqs.  (5.31)  and  (5.32)  are  the  summation  equations,  which 
become  quite  useful  once  the  aquations  of  the  regression  lines  are 
obtained.  It  can  be  shown  by  the  familiar  method  of  least  squares 
when  *  X*  that  the  regression  equations  for  linear  regressions 


Xij  *  I  +•  r(ij  —I) 


(5.33) 


■  If  r(X-l) 


(5.3U) 


Thus  the  summation  functions  (5.31)  and  (5.32)  become 


S.  ty)  *  [l+rti7-i)Jp(ij) 


(5.35) 


S-(X)*[l  +  r(X-l)]p(X) 


(5.36) 


Assuming  linear  regression  applies  at  least  approximately,  and 
applying  the  Rayleigh  type  distribution  for  p(i) )  and  p(  X)  one 
obtains  the  approximate  relationships 


f 


TT 

Sx (T?) »  Y  [i  +  r(7j-l)j  17  e'  4 

(5.37) 

S  (X)-f-  l+r  ( X  —  l)  Xe“ -V" 

(5.38) 

The  approximation  is  intended  where  actual  distributions  tend 
to  deviate  from  the  Rayleigh  distribution,  or  when  deviation  from 
linear  regression  becomes  significant. 

£q.  (5.38),  giving  the  sum  of  17 ,  for  values  of  Xj  may  also 
be  called  the  X  -spectra  of  rj  •  This  is  analogous  to  the  X  -spectra 
of  7)2  derived  in  a  similar  manner  in  Chapter  VII. 

The  X  -spectra  of  tj  can  be  transformed  into  the  r  -spectra  of  77 
by  noting 


(X)dX*Sr/T^dT 

p(X)dX  *p(r)dr  (5.3?) 

X»ct2«  0.927  r2 

Thus 

S^(r)=2.7  (jl-r)r0.927  rr2]^  e~0-675  r4  (5.1*0) 

S  (  X)  andS_(  t  )  are  given  respectively  in  Pigures  7.1  and 
7.3  of 'Chapter  VII,'  for  comparison  with S77  A  X)  mdS^2 (t  ). 

5.  Mean  Wave  Steepness 

The  mean  wave  steepness  is  given  by: 


■r*v“ " 


(5.U1) 
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t\nd  using  (5*38)  one  obtains 


@-f  [-(.-*)] 


(S.ltf) 


6«  Mean  Period  of  Wave  Heights  Greater  than  a  Given  Keiffrt 


In  Chapter  III  was  determined  the  mean  or  averago  height  of  waves 
higher  than  a  given  height,  which  requires  only  the  knowledge  of  the 
marginal  distribution  function.  To  obtain  the  mean  period  of  wave 
heights  greater  than  a  given  height,  some  knowledge  is  required  of 
the  joint  distribution  function,  the  simulation  function  derived  above 
being  sufficient  in  this  case.  The  mean  value  of  X  far  any 
differential  element  of  Arj  is  obtained  by  dividing  (5*37 )  by  p(tj  ). 
The  mean  value  of  X  for  heights  above  a  given  height  is  obtained 
from 


/•CO 

JT  sxm*di, 

'  P'  J  p{rj)dt) 


(5.U3) 


/•CD 

p(ri)  it] 


(5.Wl) 


The  above  integrals  have  been  solved  In  Chapter  III,  whence 


X^p)*(l-r)+fqf 


(5.«5) 


where  _  1iri?z 

4  +  1-4)- 

~  * - 

P  irij* 

•  4 


(5.45) 


*psTirfo  e““2du  ond 
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Sq.  (5.1»fJ  can  be  transferred  in  terms  of  wave  perioo  by  noting 


H%)m  K  [T  C?P)] 


2 


(5.U7) 


Tfa) 


C5.U8) 


The  value  of  K  rany  be  obtained  at  r  *  0,  fcr  which  r(  ^p) 
■7  ■  1,0,  whence  K  «  1.  Thus 


(V  ['"♦%] 


(5.2*9) 


It  must  be  remembered,  however,  that  r  is  the  correlation 
coefficient  between  17  and  X ,  which  is  not  necessarily  that  between 
17  and  r ,  Table  5.2  gives  typical  values  of  r(  V„)  from  (5«1*9)  for 
various  values  of  the  correlation  coefficient.  It  must  be  pointed 
out  that  for  large  values  of  the  negative  correlation  coefficient, 
the  above  equations  tend  to  fail; 


TABLE  5.2 

MEAN  r  OF  HIGHEST  P-PERCENT  OF  WAVES 


Correlation  Coefficient  r(rj ,  X) 


p 

1.0 

0.8 

0.6 

0,1* 

0.2 

0 

-0.2 

-0.1* 

-0.6 

1 

O 

• 

OO 

-1.0 

0.01 

1.632 

1.526 

1.1*11* 

1.290 

1.155 

1.0 

O 

• 

a> 

(“N 

V3 

0.579 

0.014*" 

0.05 

1.1*97 

1.1*12 

1.321 

1.221* 

1.117 

1.0 

0.8669 

0.7091* 

0.5050 

0.0775 

0.10 

1.1*25 

1.351 

1.272 

1.189 

1.098 

1.0 

0.8808 

0.7663 

0.6173 

0.1*171 

0.20 

1.3U0 

1.279 

1.216 

1.11*8 

1.077 

1-.0 

0.9170 

0.8259 

0.7225 

0.6025 

0.1*517 

0.25 

1.309 

1.253 

1.195 

1.131* 

1.069 

1.0 

0.9205 

0.81,55 

0.7563 

0.6557 

0.5357 

0.30 

1.281 

1.230 

1.177 

1.121 

1.062 

1.0 

0.9336 

0.8621 

3 

OO 

• 

O 

0.7137 

0.5983 

0.333 

1.265 

1.216 

1.166 

1.111* 

1.058 

1.0 

0.9382 

0.8720 

0.8001* 

0.7218 

0.6332 

0.1*00 

1.233 

1.190 

1.11*6 

1.099 

1.051 

1.0 

0.91*65 

0.8897 

0.8291 

0.7635 

0.6921 

0.^00 

1.191 

1.155 

1.118 

1,080 

i.oia 

1.0 

0.9573 

0.9126 

0.8656 

0,8161 

0.7629 

0.600 

1.152 

1.123 

1.091* 

1.063 

1.033 

1.0 

0.9666 

0.9321 

0.8962 

0.6588 

0.3196 

0.700 

1.153 

1.093 

1.071 

1.01*8 

1.02a 

1.0 

0.9753 

0.91*99 

0.9236 

0.8971 

0.8695 

0.8C0 

1.079 

1.063 

1.01*8 

1.032 

1.016 

1.0 

0.9761* 

0.9666 

0.91,95 

0.9321 

0.911*3 

0.900 

1.01*2 

1.033 

1.025 

1.016 

1.011 

1.0 

0.9926 

0.9829 

0.971*2 

0.9651* 

0.9566 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.0 

1,0000 

1,0000 

1.0000 

1.0000 

1.0000 
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SCATTER  DIAGRAM  CT^ANDXfOR  400  CONSECUTIVE  WAVES 
FROM  GULF  OF  MEXICO 

FIGURE  5.1 


CHAPTER  VI:  STATISTICAL  ANALYSIS  OF  WAVE 
DATA  FOR  JOINT  DISTRIBUTION 


1.  General 


Wave  records  discussed  in  Chapter  IV  have  also  been  analyzed  to 
determine  certain  properties  of  the  joint  distri  ‘■ion  which  might  be 
used  to  compare  with  the  approximate  theoretical  .•.v.-^ationchipa  given 
in  Chapter  V. 

2.  Correlation  Coefficient 


The  correlation  coefficient  r(?j ,  A)  between  wave  height  and  wave 
length,  determined  from  each  wave  record  and  surisarized  in  Table  6.1, 
is  given  by 

N 


TT  2 


i  (17  ,  A)*  r(H,L) 


N 


i«l 


(Hi-RHL-L)  , 

A  i 


5h 


St>SA 


(6.1) 


where 


r(H  ,  L)  is  the  correlation  coefficient  between  H  and  L 
Hi  ■  individual  height,  feet 

I  *  mean  wave  height  ■*  i  v  Hi 

H  iil  1 

1^  “  individual  length  (Li  •  Ti2  in  sec2) 

v  1  N 

L  -  mean  length  -  -  ^  ^  Li 

Su  «■  standard  deviation  of  height,  feet 
Sj,  -  standard  deviation  of  length,  sec2 

Si?  *  S^H 

sx  ■  yz 
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3.  Mean  Wav  Height  of  Wavt  length;  Qrgrttr  than  a  Given  Length 


In  .the  present  discussion  the  unit  forma  17,  X  ,  r  are  uaed 
oomeniervtly.  Ths  Man  wave  height  rfp  of  the  longest  p  -  percent  wave 
length  is  a  function  of  the  correlation  coe '■  ieient,  For  comparison 
with  theory  the  data  in  this  study  were  anal,,  .d  to  Include: 


(a)  tj(^50 )>  Man  wm  height  of  the  longest  $0  per.-sn*-. 

of  warn  lengths 

(b)  m  (X33)  ,  Man  ware  height  of  the  longest  33*3  percent 

of  wave  lengths 

(e)  i7.(X^q)>  mean  wave  height  of  the  longest  10  percent 
of  wove  lengths 

(d)  ij  ( X  #  height  of  longest  wave. 


r)(  X  j)  is  assuMd  apprcodMtaly  equal  to  17  (  X  Y).  This  inforraaticn 
is  sttrarlssd  in  Tsfcls  6.1*  Figure  6.1  shows  these  relationship*  as 
functions  of  the  correlation  coefficient,  together  with  the  theoretical 
relationships  and  the  9$  percent  confidence  Units*  The  theoretical 
relationships  for  tj(  Xp)  are  obtained  fra*  Chapter  T,  according  to: 


Mxso)  «  I  +  0.42  r 

I 


17{^»e)  »  I  ♦  0.60  r 


(6.2) 


m\o)  -  I  +  1.03  r 
^l)  «  I  ♦  1.66  r 


It  la  seen  that  agreement  between  theory  and  data  is  fairly 
good,  perticularly  for  r)(  X  j0)  and  r)(  X33),  Che  difficulty  with 
the  other  two  relationships  is  that  the  number  of  waves  is  too  few 
for  the  10  percent  and  the  1  percent  values  to  expect  a  minimum 
scatter.  The  9*>  percent  confidence  liMts  for  correlation  are  based 
on  M  *  100,  average  total  nunber  of  waves  per  record. 


TABLE  6,1 


SWMARY  OF  i}  FCR  Xjq,  X33>  X1Q>  AMD  XMy 


Source 

end 

Record 

r(i h  X ) 

<?(  Xtfc) 

*)(  ^33) 

(  X  iq) 

V  (X*ax> 

a-A 

0.1*3 

1.23 

1.21 

0.93 

0.93 

a-B 

0.63 

1.35 

1.1*6 

1.26 

1,00 

a-C 

0.51 

1.21* 

1.23 

1.12 

0.79 

a-b 

0.1*5 

1.11* 

1.16 

1.22 

0.75 

a-E 

0.33 

1.17 

1.11 

0.92 

1.01* 

a-F 

0.56 

1.26 

1.26 

1.33 

1.51* 

a-Q 

0.31 

1.20 

1.19 

0.85 

0.63 

a-H 

0.28 

1.21 

1.1? 

0.79 

0.39 

a-I 

0.11* 

1.08 

0.99 

0.68 

0.55 

a-J 

-o.ol* 

1.01* 

1.22 

0,70 

0.35 

a-K 

0,08 

1.03 

1,00 

0.80 

0.1*2 

a-L 

0.17 

1.10 

1.02 

0.95 

1.22 

a-M 

0.22 

1.18 

1.09 

0.81 

0.80 

a-K 

-0.25 

0.85 

0.8? 

0.72 

0.50 

a-0 

0.26 

1.10 

0.97 

0.91 

0.89 

a-P 

0.31* 

1.00 

1.03 

0.90 

0.71* 

a-Q 

0.08 

1.10 

1.05 

0.80 

0.87 

a-K 

-0.07 

1.00 

0.96 

0.80 

0.26 

a-S 

-0.05 

0.98 

0,90 

0.7U 

1.03 

a-T 

-0.15 

0.99 

0.88 

0.61* 

0.75 

a-U 

-0.19 

0.91* 

0.92 

0.73 

0.52 

a-V 

0.13 

1.08 

0.89 

0.77 

0.78 

a-V 

0.20 

1,1? 

1.08 

0.87 

0.1*2 

a-I 

-0.01 

1.00 

0.93 

0.62 

0.98 

a-Y 

-0.01* 

0.72 

0.96 

0.76 

0.30 

b-  1 

0.12 

1.10 

1.10 

1.03 

0.89 

b-  2 

0.38 

1.23 

1.33 

1.26 

1.00 

b-  3 

0.1*2 

1.37 

1.21* 

1.H* 

2.01 

b-  U 

0.1*1 

1.32 

1.26 

1.31 

0.78 

b-  5 

0.1*8 

1.37 

1.36 

1.31* 

1.1*9 

b-  6 

0.1*1 

1.1*1 

1.1*5 

1.21 

1.1*5 

b-  7 

o.51* 

1.37 

1.26 

1.1*1 

1.35 

b-  8 

0.29 

1.15 

1.27 

1.02 

0.77 

b-  9 

0.19 

1.19 

1.21* 

1.26 

1.01* 

b-XO 

0.22 

1.28 

1.35 

0.8  9 

1.25 

b-11 

0.15 

1.20 

1.19 

7.22 

0.71 

b-12 

0.30 

1.23 

1.22 

1.17 

1.18 

b-13 

0.1*1 

1.28 

1.33 

1.11* 

0.80 

b-U* 

0.1*2 

1.1*3 

1.36 

1.15 

0.03 

b-15 

0.1*7 

1.1*1 

1.35 

1.1*1* 

1.91 

b-16 

0.31 

1.36 

1.31* 

1.35 

1.32 

b-17 

0.1*5 

1.36 

1.1*5 

1.1*0 

1.86 
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TABLE  6,1 
(Continued) 


SUMMARY  OF  17  FOR  X^q,  X33,  X10>  ANL  X^ 


Source 


and 

Record 

r(i?,X) 

ij(  x,j0) 

V (  ^33) 

(  Xjq) 

^(XnJ 

b-18 

0.1*2 

1.33 

1.25 

1.1*0 

2.30 

b-19 

0.27 

1.32 

1.20 

1.15 

l„ll* 

b-20 

0.1*8 

1.27 

1.26 

1.20 

1.1*3 

0-  5 

0.3l* 

1.2? 

1.26 

0.93 

1.61* 

c-  6 

0.38 

1.35 

1.37 

1.25 

1,67 

0-  7 

0.16 

1.01* 

1.07 

1.06 

1.33 

c**  8 

0.08 

1.12 

1.08 

1.12 

1.1*1 

c-12 

0.30 

1.36 

1.17 

1.20 

0.98 

c-13 

0.1*3 

1.25 

1.23 

1.33 

1.73 

c-U* 

0.1*9 

1.21 

1.28 

1.21 

0.73 

c-15 

0.1*0 

1.21 

1.25 

1.13 

1.51 

0-I6 

0.16 

1.13 

1.10 

0.88 

0.98 

c-17 

0.1*0 

1.28 

1.23 

1.16 

1.1*8 

c-18 

0.65 

1.33 

1.33 

1.39 

0.50 

o-19 

0.56 

1.1*1 

1.51 

1.3? 

1.73 

c-20 

0.32 

1.23 

1.23 

0.81 

0.91* 

c-21 

0.39 

1.30 

1.31* 

1.21 

1.10 

c-22 

0.23 

1.13 

1.11 

1.00 

1.25 

c-23 

0.39 

1.25 

1.17 

1.10 

0.78 

c-2l* 

0.1*0 

1.30 

1.33 

1.06 

1.01 

c-25 

0.3? 

I.23 

1.27 

1.31* 

1.10 

d-  1 

0.1*9 

1.21* 

1.1*2 

1.31 

2.17 

dr  2 

0.1*1 

1.03 

0.87 

1.27 

0.11 

d-  3 

0.1*8 

1.23 

1.32 

1.26 

0.78 

d-  1* 

0.50 

1.18 

1.29 

1.1*8 

1.31 

e-  1 

-0.01* 

1.01 

0.89 

0.68 

0.75 

a-  2 

0.11 

1.02 

0.97 

0.87 

0.1*0 

e-  3 

-0.30 

0.88 

0.81* 

0.76 

0.1*7 

a-  h 

-0.17 

0.91 

O.83 

0.61 

0.61 

e-  5 

-0.1*2 

0.82 

0.68 

0.69 

0.72 

e-  6 

-0.22 

0.91 

0.79 

0,76 

0.37 

e-  7 

-0.1*2 

0.91 

0.85 

0.61* 

O.lil 

a-  8 

-0.1*1 

0.89 

0.86 

0.61 

0.1*9 

•-  9 

0.02 

0.98 

0.?1* 

0.71 

0.61 

9-10 

-0.07 

1.00 

1.00 

0.68 

0.86 

a-11 

-0.07 

0.96 

0.80 

0.1*8 

0.1*1* 

9-12 

-0.17 

1.00 

0.85 

0.62 

0.75 

9-13 

0.06 

1.00 

0.85 

C„  ?2 

0.55 

9-H* 

-0.13 

0.95 

0.80 

0.6? 

0.50 

9-15 

-0.17 

0.91 

0.82 

0.51* 

o.l*5 
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TABLE  6.1 
(Continued) 


SUMMARY  Cl*  r)  FCR  Xijq,  Xjj,  ^10»  AKD 


3  3UT00 
and 

Record 

r(i?,X) 

v\  ^50) 

v  ( ^33) 

V  v  Xi (  X^y) 

e-  1  to  5 

-0.16 

0.93 

0.8U 

0.72 

0.59 

e-  6  to  10 

-0.22 

0.9i* 

0,89 

0,68 

0.55 

e-11  to  15 

-0.10 

0,96 

0.82 

C.60 

o.5U 

e-  1  to  10 

-0.19 

0.9U 

0.87 

0.70 

0.57 

e-  6  to  15 

-0.16 

0.95 

0.86 

0.61. 

0.55 

e-16 

-O.Oli 

e-17 

-0.17 

f-  1 

.  0.61 

1.25 

1.35 

1.39 

1.0 

f-  2 

0.37 

1,22 

1.26 

1.10 

1.2 

f-  3 

0.1*0 

1.26 

1.32 

1.19 

1.2 

g-2U  -0.09 
g-15  +0.7U 
g-31  -0.09 
g-25  0.00 

g-35  +0,35 


lu  Mean  Wav  Length  of  Way  Hoiifrta  Greater  than  a  Given  Height 

The  mean  wave  length  X_  of  the  hlgheat  p  -  percent  wave  heists 
la  a  function  of  the  correlation  coefficient,  aimilar  to  that  for  ijp. 
For  ccapariaon  with  theory  the  data  in  thia  paper  were  analyzed  to 
includes 


(a)  X(  V$q)>  mean  wave  length  of  hlgheat  50  percent 

of  ware  height a 

(b)  X(  1733),  mean  ware  length  Uf  hlgheat  33.3  percent 

of  ware  height  a 


(c)  X(  ’Jiq)* 

(d)  X  ( 


mean  ware  length  of  hlgheat  10  percent 
of  wave  heights 

wave  length  of  maximum  wave 
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i 

i 
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>  (  17,)  i>  assumed  approximately  equal  to  X(  r;MT),  Thia  informa¬ 
tion  i«  n—  1  idled  in  Table  6.2.  Figure  6.2  (hows  theee  relatieo- 
■hipe  aa  function*  of  the  correlation  coefficient,  together  with 
the  theoretical  relationship*! 


MV*0,42' 


x(n „)  ",+0-60  ' 


(6.3) 


•H’U  * ,5H-05  r 


Xty)  «  1+  1.66  r 


The  agreement  between  data  and  theory  for  X(  *17  p)  ia  quite  comparable 
to  that  for  17 (  X  _),  and  hence  the  ease  general  conclusions  apply. 

It  ia  believed  that  the  aoatter  of  data  from  theory  ia  a  peculiarity 
of  the  aaall  ample  from  one  record  to  the  next,  and  is  not  neceaaarlly 
of  statistical  significance.  Deviation  from  linear  regression  ia 
alight  compared  to  that  for  t}(  X„).  A  test  for  linearity  using  the 
array  method  end  the  F  distribution  shows  this  deviation  from 
linearity  is  insignificant,  and  ia  discussed  later. 


TABLE  6.2 


SUMMARY  CF  A  FOR  i)$ 0»  ^33 >  ^10*  AND  ^1Aax 


Source 

and 

Record 

r(v, x  ) 

M  v$o) 

x(  ^33) 

M1?  10) 

X 

a-A 

0.1*3 

1.2l* 

1.22 

1.19 

1.12 

a-B 

0.63 

i.!*l* 

1.61 

1.61* 

1.72 

a-C 

0.51 

1.23 

1.28 

1.30 

1.21* 

a-D 

o.l»5 

1.1 1* 

1.1? 

1.15 

1.1*9 

a-E 

0.33 

1.21* 

1.10 

1.05 

1.02 

a-F 

0.56 

1.23 

1.26 

1.13 

0.87 

a-Q 

0.31 

1.13 

1.10 

1.23 

1.08 

a-H 

0.28 

1.03 

1.05 

1.07 

1.09 

a-I 

0.11* 

1.02 

1.03 

1.05 

1.03 

a-J 

-o.ol* 

1.02 

0.95 

0.86 

1.02 

a-K 

0.08 

l.CO 

0.99 

0.99 

1.02 

a-L 

0.17 

1.10 

1.06 

1.01 

0.91 

a-M 

0.22 

1.05 

1.01* 

1.05 

1.05 

a-N 

-0.25 

0.95 

O.83 

0.55 

0.78 

a-0 

0.26 

1.12 

1.03 

0.91 

0,52 

a-P 

O.Oli 

1.03 

1.09 

0.88 

0.75 

a-Q 

0.08 

1.02 

1.01 

1.07 

1.11* 

a-R 

-0.0? 

0.99 

0.97 

0,93 

1.02 

a-S 

-0.05 

0.96 

0.97 

0.82 

1.11* 

e-T 

-0.15 

1.01 

0.92 

0.91 

O.83 

a-U 

-0.19 

0.91* 

0.91 

0.86 

0.03 

a-V 

0.13 

1.06 

1.01* 

1,05 

0.99 

a-W 

0.20 

1.10 

1.18 

1.21* 

1.07 

a-X 

-0.01 

1,00 

0.98 

0.97 

1.09 

a-Y 

-O.Ol* 

1.02* 

1.05 

0.93 

0.92 

b-  1 

0.12 

l.H* 

1.C9 

a 

i/.OJ 

0.75 

b-  2 

0.38 

1.21 

1.21 

1.19 

2.10 

b-  3 

0.1*2 

1.18 

1.22 

1.36 

0.81 

b-  k 

0.1*1 

1.23 

1.21 

1.19 

1.11* 

b-  5 

"  0.1*8 

1.28 

1.1*0 

1.17 

O.89 

b-  6 

o.ia 

1.35 

1.29 

1.36 

1.30 

b-  7 

0.51* 

1.32* 

1.1*3 

1.1*2 

1.23 

b-  8 

0.29 

1.17 

1.11* 

1.05 

0.85 

b-  9 

0.19 

1.23 

1.05 

1.10 

0.30 

b-10 

0.22 

1.23 

1.18 

1.05 

1,00 

b-11 

0.15 

1.1 1* 

1.13 

O.02 

1.31* 

b-12 

0.30 

1.20 

1.10 

1.11* 

2.15 

b-13 

0.2*1 

1.20 

1.17 

1.11 

1.1*0 

t-XU 

0.1*2 

1.27 

L.28 

1.32 

1.1? 

b-15 

0.1*7 

1.26 

1.38 

1.1*6 

0^83 

b-16 

0.31 

1.32 

1.23 

1.12 

1.35 

b-17 

0.1*5 

1.30 

1.1*2 

l.l|l 

1.73 
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TABLE  6.2 
(Continued) 


30MMARY  OF  X  FOR  VjJtVlOt  AND  Vsimx 


Source 


end 

Record 

r(ij,  X ) 

x<  V 

x(1?33) 

x  <  V 

X 

'mx 

b-18 

0.i*2 

i.2e 

1.21* 

1.28 

0.90 

b-19 

0.27 

1.25 

1.18 

1.17 

0.88 

b-20 

0.1*8 

1.26 

1.27 

1.35 

0.93 

c-  5 

0.3U 

1.18 

1.21 

1.32 

0.89 

c-  6 

0.38 

1.25 

1.31 

1.28 

1,20 

c-  7 

0.16 

1.05 

1.05 

1.06 

0.86 

c-  8 

0.08 

1.06 

1.09 

0.99 

0.67 

c-12 

0.30 

1.15 

1.09 

1.07 

0.91* 

c-13 

0.1*3 

1.11* 

1.21* 

1.36 

2.50 

c-ll* 

0.1*9 

1.25 

1.31 

1.28 

0.96 

C-15 

0.1*0 

1.30 

1.25 

1.10 

1.11 

c-16 

0.16 

1.06 

0.99 

1.05 

0.91* 

c-17 

0.1*0 

1.18 

1.19 

1.20 

0,98 

c-18 

0.65 

1.29 

1.29 

1.38 

0.95 

c-19 

0.56 

1.35 

1.1*9 

1.33 

1.09 

c-20 

0.32 

1.10 

1.11 

1.19 

1.33 

c-21 

0.39 

1.35 

1.13 

1.23 

1.17 

c-22 

0.23 

1.11* 

1.06 

1.00 

1.1*0 

C“23 

0.39 

1.17 

1.21 

1.23 

1.1*3 

c-2l* 

C.1*0 

1.13 

1.18 

1.21* 

1.22 

c-25 

0.37 

1.15 

1.15 

1.25 

1.08 

d-  1 

0.1*9 

1.61* 

1.96 

1.79 

1.89 

d-  2 

O.Ul 

1.25 

1.1*0 

1.18 

0.85 

d-  3 

0.1*8 

1.26 

1.30 

1.51 

2.30 

d-  U 

0.50 

1.31 

1.23 

1.1*9 

1,1*6 

e-  1 

-0.01* 

0.99 

0.97 

0.91 

0.91* 

e-  2 

0.11 

1.05 

1.0? 

1.03 

1.05 

e-  3 

-0.30 

0.92 

0,88 

0.81 

o.ia 

e-  1* 

-0.17 

0.86 

0.89 

0.76 

0.80 

s-  5 

-0.1*2 

0.71* 

0.79 

o.6j* 

0.37 

e-  6 

-0.22 

0.90 

0.81* 

0.8  9 

0.7 1 

e-  7 

-0.1*2 

0.88 

0.81 

O'.  81 

0.86 

a-  8 

-o.ia 

0.86 

0.81* 

0.79 

0.86 

e-  9 

0.02 

1.00 

0.98 

0,98 

0.8? 

e-10 

-0.0? 

0.95 

0.93 

1.02 

0.95 

e-11 

-0.07 

0.98 

0.96 

0.99 

0.93 

e-12 

-0.17 

0.91 

0.91 

0.98 

1.06. 

e-13 

0.06 

0.99 

0,98 

1.02 

1.00 

e-lli 

-0.13 

0.91 

0.88 

0.85 

0.76 

-0.17 

0.93 

0.93 

0.96 

0.93 

) 
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TABU  6.2 


(EoUHnusJ) 


SUMMARY  CF  X  FOR  V$Qt  T?33>  VJO*  ^mx 


Source 

and 

Record 

*(1?,  x) 

x(  1750) 

X  ( 1733) 

(*?m ax' 

e-  1  to  $ 

-0.16 

CL91 

Oi'92 

0.91 

0.83 

TuCO 

e-  6  to  10 

-0.22 

0.88 

0.90 

0.97- 

e-11  to  15 

-0.10 

0.91* 

0*93 

0,96 

1.06 

e-  1  to  10 

-0.19 

0.92 

0.90 

0.87 

•1.09 

6  to  1J> 

-0.16 

0.93 

0.91 

0.93 

1.09 

#-l6 

-O.QU 

*-17 

f-  1 

0.613 

1.1*1* 

1.57 

1.73 

1.1*2 

f-  2 

0.37U 

1.31* 

1.33 

1.02 

0.70 

f-  3 

0.398 

1.30 

1.37 

0.95 

1.33 

5.  Mean  Wav  Period  of  Wave  Haighta  Greater  than  a  Qiven  Height 

The  mean  wav*  period  Tp  of  the  higheat  p  -  percent  wav*  heights 
ie  a  function  of  the  correlation  coefficient,  remembering  that  the 
correlation  coefficient  ia  that  between  f]  and  >..  For  comparison 
with  theory  the  data  in  this  study  were  analysed  to  include: 

(a)  t(tj  eft),  mean  wav*  period  of  highest  $0  percent 

wav*  heights 

(b)  t(ij^),  mean  wave  period  of  highest  33.3  percent 

wav*  heights 

(c)  t(ij  io )  *  E»an  wave  period  of  highest  10  percent 

wave  heights 

(d)  r(  t)  i),  period  of  maximum  wave  heigit 

t(ij  2)  is  assumed  approximately  equal  to  t(tj  ^r).  This  information 
is  summarized  in  Table  6r3.  Figure  6,3  shows  these  relationships  as 
functions  of  r(i?»*),  together  with  the  theoretical  relationships: 


1 


1+0.42  f  tiv  **  \/|+  1.03  r 

v  so'  _  '  'io» _  (6.),) 

r  tv..)  *  Vi  +0.60  r  T  «  \J  (+  ),€  0  t 

Where  r  is  correlation  coefficient  between  7?  and  X  ,  the  svreement 

wwwijr  xo  quxi,o  COmparaoxe  xo  xnax  ior  \,_Vp}.  j 
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!*?*•£  6.3 

SUKMARX  OF  r  FCft  '.>5o»  ^lOt  vmix 


Source 

*nd 

Record 

a-A 

a-S 

a-C 

a-D 

a-E 

a-F 

a-Q 

a-H 

a-I 

a-J 

a-K 

a-L 

a-M 

a-N 

a-0 

a-P 

a-Q 

a-R 

a-S 

a-* 

a-U 

a-V 

a-W 

a-X 

a-T 

b-  1 
b-  2 
b-  3 
b-  U 
b-  5 

b-  6 
b-  7 
b-  8 

b-  9 

b-10 

vn 

b-12 

b-13 

b-lli 

b-15 

b-16 

b-17 


r(i},X)  r(V$))  T(1> 33)  ‘  (T?lo)  T  ^»ax) 


0.1*3 

0.63 

o.5l 

0.45 

0.33 

0.56 

0.31 

0.28 

0.14 

-0.04 

0.08 

0.17 

0.22 

0.25 

0.26 

O.lii 

0,08 

-0.07 

-0.05 

-Od5 

-0.19 

0,13 

0,20 

-G.01 

-0,04 

0,12 

0,38 

0.U2 

I'.iil 

0.48 

0.10 

o,5U 

0.29 

0.19 

0.22 

0.15 

0,30 

o.Ui 

0.42 

0.U7 

0.31 

0.45 


1.13 

1.25 

1.16 

1.08 

1.09 

1.12 

1.08 

1.03 

1.02 

1.02 

1.01 

1,05 

1.0U 

0.99 

1.10 

1.03 

1.01 

1.00 

0.98 

0.97 

0.97 

1.04 

1.07 

1.00 

1.03 

1.08 

1.11 

1.12 

1.15 

1.19 

1.21 

1.20 

1.10 

1,12 
1.11* 
1.07 
1.32 

1.13 

1.17 

1.11; 

1.17 

1.17 


1.17 
1.36 

1.18 

1.10 

1.07 

1.13 
1.08 
1.04 
1.03 
1.00 
1.01 
1.04 
1.01; 
0.90 
1,04 
1.06 
1.01 
0.99 
1.00 
0.97 
0.99 
1.03 

1.12 
0.99 
1.04 

1.06 

1.12 

1.14 

1.17 

1.24 

1.19 

1.24 
1.09 
1.05 

1.12 
1.07 
1.08 
lOl 

1.18 

1.20 

1.15 

1.23 


1.15 

1.33 

1.19 

1.10 

1,05 

1.09 

1.14 

1.06 

1.04 

0.97 

1.01 

1.02 

1.05 

0.74 

0.98 

0.96 

1.05 

0.97 

0,92- 

0,93 

0.94 

1.04 

1.16 

0.99 

0.96 

0.92 

1.45 

1.20 

1.13 

1.14 

1.24 

1.25 
1.03 
1.07 
1.07 
0.92 

1.11 
1.09 
1.21 

1.23 
1.10 
.1.22 


1.32 

1.43 

1.17 

1.25 

1.04 

0,95 

1.08 

1.07 

1.04 

1.05 

1.03 

0.98 

1.05 

0.92 

0.75 

0.89 

1.09 

1.03 

1.09 

0,93 

0.19 

1.02 

1.09 

1.06 

0.99 

0.89 

1.50 

0.94 

1.12 

1.02 

1.22 

1.18 

0.96 

0.58 

1.05 

1.11 

1.54 

1.23 

1.14 
0.96 

1.24 
1.40 
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SABLE  6.3 
(Continued) 

SUMMARY  CF  t  FCR  1750*  1»33»  ^20 >  AND^may 


Source 

and 

Record 

rO? ,  V) 

T(  ^50) 

T  (  1?33) 

T  (  V  20) 

T(W 

b-18 

0.!»2 

1.16 

1.11* 

1.28 

1.00 

b-19 

'  0.27 

1.11* 

1.12 

1.13 

1.00 

b-20 

0.1*8 

1.17 

1.17 

1.22 

1.02 

c-  5 

0.3U 

1.12 

1.11* 

1.11 

C.99 

c-  6 

O.38 

l.lli 

1.17 

1.16 

1.11* 

c-  7 

0.16 

1.03 

1.03 

1.01* 

0.95 

c-  8 

0.08 

1.01* 

1.06 

1.01 

0.81* 

c-12 

0.30 

1.09 

1.07 

1.06 

1.01 

c-13 

0.1*3 

1.09 

1.15 

1.20 

1.65 

c-ll* 

0.1*9 

1.15 

1.19 

1.17 

1.03 

c-15 

0.1*0 

1.18 

1.16 

1.10 

1.12 

c-16 

0.16 

1.05 

1.01 

1.05 

1.00 

c-17 

0.1*0 

•1.12 

1.11 

1.12 

1.03 

c-l8 

0.63 

1.17 

1.17 

1.22 

1.03 

c-19 

0.56 

1.19 

1.26 

1.20 

1.09 

c-20 

0.32 

1.07 

1.08 

1.12 

1.19 

c-21 

0.39 

1.08 

1.01* 

1.13 

1.11 

o-22 

0.23 

1.09 

1.05 

1.01* 

1.23 

c-23 

0.39 

1.10 

1.12 

1.13 

1.25 

C-2l» 

0.1*0 

1.08 

1.11 

1.15 

1.11* 

c-25 

0.37 

1.09 

1.09 

1.11* 

1.07 

d-  1 

0.1*9 

1.18 

1.22 

1.1*0 

1.1*8 

d-  2 

o.ia 

1.15 

1.23 

1.13 

1.00 

d-  3 

0.1*8 

1.15 

1.18 

1.29 

1.61 

d-  h 

0.50 

1.09 

1.12 

7.27 

1.27 

e-  1 

-0.01* 

2,00 

0.99 

0.97 

0.99 

e-  2 

0.11 

1.01* 

1.63 

1.05 

1.05 

~  n 

-0.30 

0.95 

0.93 

0.91 

0.65 

e-  L 

-0.17 

0.91* 

0.95 

0.89 

0.93 

e-  5 

-0,1*2 

0.90 

0.93 

0.81* 

0.66 

e-  6 

-0,22 

0.9? 

0.93 

0.97 

0.90 

e-  7 

-0,1*2 

0.97 

0.93 

0,9k 

0.98 

e-  8 

-c  .’a 

0.91* 

0.93 

0.90 

0.95 

8-  9 

0.02 

1.01 

1.00 

1.01 

0.95 

e-10 

-0.07 

0.98 

0.98 

1.03 

1.00 

e-11 

-0.07 

1.00 

0.99 

1.01 

0.98 

e-12 

-0.17 

0.97 

0.97 

1.01 

1.06 

c-13 

0.06 

1.01 

1.01 

1.03 

1.03 

e— lit 

-0.13 

0.97 

0.96 

0.95 

0.90 

e-15 

-0.17 

0,98 

0.98 

0.59 

0.98 
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TABLE  6.3 
(Continued) 

SUMMARY  CF  T  FCRVfot  AND7?^ 


Sou'fce 

and 

Record 

rW  M 

t(^50> 

r  ( n33) 

tHio) 

Tflaax) 

e-  1  to  5 

-0*16 

0.97 

0.97 

0.93 

1.03 

e-  6  to  3.0 

-0.22 

0.97 

0.95 

0.97 

0-?8 

e-11  to  15 

-0.10 

0.99 

0.98 

1.00 

1.06 

e-  1  to  10 

-0.19 

C.97 

0.96 

0.95 

1.08 

e-  6  to  15 

-0.16 

0.98 

0.97 

0.99 

1.07 

e-16 

-O.Gli 

e-17 

f-  1 

0.613 

1.25 

1.32 

1.39 

1.29 

f-  2 

0.37h 

1.21 

1.22 

1.07 

0.91 

f-  3 

0.39p 

1.17 

1.19 

1.00 

1.23 

6.  Percent  of  Wares  In  Quadrants 


The  percent  of  waves  in  four  quadrants  for  various  limits  of  and 
have  been  determined  frot  the  wave  data,  where 


Pi  «  p 
*H  -P| 

I1*1- 

CO  ,  1 

-[p 

2  ,  1 

piii  -  p[ 

CO  ,00 

-  p 

[•.> 

Piv  -p 

[l  ,00 

]  -p 

,1-1] 

P  [l  ,©]  +  P  [l 


T  (6.5) 


This  information  -is  summarized.  In  Table  6.U.  Figure  6.1*  shows  these 
relationships  as  functions  of  the  correlation  coefficient.  No 
theoretical  relationship  is  shown  except  for  r  ■  0,  r  M  +1,  and  r  *  -1. 
The  solid  lines  are  assumed  linear  relationships  between  r  -  0  and 
r  *  +1.0,  which  of  course  represents  an  approximation  not  in  too  bad 
agreement  with  data.  The  daahed  lines  are  95  percent  confidence 
limits* 
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TABLE  6.8 


SUMMARY  CF  Pj,  Pn>  Pjjj,  AND  P -pj 


'Source 


and 

record 

r(ij ,  X ) 

PI 

PII 

pm 

PIV 

a-A 

0.U3 

1*0.0 

8.3 

33.9 

17.8 

a-B 

0.63 

50.2 

6.0 

38.6 

9,1 

a-C 

0.51 

38.2 

7.9 

38.8 

19.1 

a-D 

0.1*5 

12.8 

13.1 

32.3 

21.8 

a-E 

0.33 

36.1 

17.8 

22.9 

23.2 

a-F 

0.56 

38.1* 

18.2 

33.7 

13.7 

a-G 

0.31 

3l*.l* 

19.8 

27.? 

18.3 

a-H 

0.28 

38.5 

26.7 

2l*.6 

18.2 

a-I 

0.11* 

32.3 

20.1 

22.3 

25.3 

c-J 

-o.oU 

36.2 

28.8 

15.8 

23.2 

a-K 

0.08 

30.1 

28.2 

18.8 

23.3 

a-L 

0.1? 

33.2 

19.2 

21.7 

25.9 

a-M 

0.22 

32.6 

22.6 

27.9 

16.9 

a-N 

-0.25 

31.9 

23.2 

18.7 

30.2 

a-0 

0.26 

32.9 

20.5 

27.5 

19.1 

a-P 

0.11* 

25.1* 

27.1 

23.9 

23.6 

a-Q 

0.08 

32.1* 

18.8 

25.8 

23.8 

a-R 

-0.07 

37.0 

22." 

15.8 

25.6 

a-S 

-0.05 

28.3 

26.1 

19.7 

25.8 

a-T 

-0.15 

31.5 

30.0 

15.8 

23.1 

a-U 

-0.19 

35.6 

20.8 

11.0 

31.8 

a-V 

0.13 

33-U 

15.7 

25.1 

25.8 

a-W 

0.20 

35.0 

15.0 

30.0 

20.0 

a-X 

-0.01 

25.0 

20.7 

25.6 

28.7 

a-Y 

-0.01* 

28.9 

22.2 

26.7 

22.2 

b-  1 

0.12 

39.5 

18.0 

17.0 

25.5 

b-  2 

0.38 

31.0 

13.0 

32.0 

28.0 

t>  3 

0.1*2  . 

35.0 

15.0 

27.0 

23.0 

b-  U 

0.1*1 

38.0 

17.0 

28.0 

17.0 

b-  5 

0.1*8 

1*1.0 

18.0 

26.5 

18.5 

b-  6 

0.1*1 

1*3.0 

21.0 

27.5 

8.5 

b-  7 

0.51* 

39.0 

18.5 

28.0 

18.5 

b-  8 

0.29 

38.5 

21.0 

23.5 

17.0 

b-  9 

0.19 

36.0 

21.5 

28.5 

18.0 

b-10 

0.22 

1*0.5 

11.5 

28.0 

28.0 

b-11 

0.15 

38.5 

21,0 

2  6.5 

18.0 

b-12 

0.30 

37.3 

20.8 

26.8 

15.3 

b-13 

0.1*1 

30.5 

18.0 

29.0 

18.5 

b-18 

0.1*2 

39.8 

18.8 

29.8 

15.3 

b-15 

0.1*7 

1*1.0 

25.5 

22.5 

11.0 

b-16 

0.31 

39.0 

18.5 

32,  r 

18.0 

b-17 

0.1*5 

82.5 

18.5 

31.5 

n.5 
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TABLE  6«li 
^  Continued) 


SUMMARY  OF  Fj,  PIX, 

PIII»  ^  Piv 

Source 

and 

Record 

r(ij,  X) 

pi 

PlI 

■>111 

PlV 

b-18 

0.U2 

39.5 

20.5 

27.0 

13.0 

b-19 

0.27 

1,2.0 

22.5 

23.0 

12.5 

b-20 

0.U8 

33-0 

29.0 

28.0 

10.0 

0-  5 

0.3U 

36.6 

16.8 

27.2 

19, 1, 

c-  6 

O.38 

U2.8 

9.3 

27.5 

20.  a 

c-  7 

0.16 

30.1 

22.2 

22.2 

25.a 

c-  8 

0.08 

35.8 

13.8 

25.0 

25.a 

c-12 

0.30 

3H.1 

26.3 

27.2 

12.  a 

c-13 

0.U3 

36.6 

26.3 

2U.5 

11.6 

C-lli 

0.U9 

32.U 

16.7 

38.0 

12.9 

c-15 

o.ao 

38.9 

20.3 

32.9 

7.9 

c-16 

0.16 

33.3 

23. ’4 

23.0 

20.3 

c-17 

o.ao 

38.2 

17.8 

30.2 

13.8 

c-18 

0.65 

U0.9 

17.3 

25.9 

15.9 

c-19 

0.56 

U5.2 

31,!: 

3^.3 

10.1 

c-20 

0.32 

30.3 

16.6 

32.0 

21.1 

c-21 

0.39 

1,2.2 

15.6 

29.3 

13.6 

c-22 

0.23 

36.U 

20.7 

19.9 

23.0 

c-23 

0.39 

ao.3 

17.5 

22.8 

i9.a 

c-2U 

o.uo 

39.9 

17.0 

28.U 

ia.7 

e-25 

0.37 

38.8 

lli.O 

26.2 

21.0 

d-  1 

0.1,9 

0.397 

0.191 

0.305 

0.10/ 

d-  2 

0.1,1 

0.358 

0.170 

0.321 

0.151 

d-  3 

0.U8 

0.376 

0.177 

0.326 

0.121 

d-  U 

0.50 

0.330 

0.122 

0.322 

0.226 

e-  1 

-0.0U 

29.0 

23.0 

2U.0 

2a.o 

c-  2 

0.11 

29.0 

23.0 

2U.0 

2a.  0 

e-  3 

-0,30 

23.0 

28.0 

16.5 

32.0 

e-  U 

-0.17 

23.0 

28.0 

16.5 

32.0 

e-  5 

-0.1,2 

26.0 

32.0 

12.0 

30.0 

e-  6 

-0.22 

26.0 

32.0 

12.0 

30.0 

e-  7 

-0.1,2 

25.5 

29.5 

lo.5 

28.0 

e-  8 

-0.1a 

25.5 

29.5 

16.5 

28.0 

9-  9 

0,02 

31.0 

26.0 

20.5 

22.5 

8-10 

-0.07 

31.0 

26.0 

20.5 

22.5 

e-U 

-0.07 

29.0 

26.0 

18.5 

26.5 

e-12 

-0.17 

29.0 

26.0 

i8.r 

26.5 

e-13 

0.06 

29.0 

27.0 

17.0 

27.0 

e-lii 

-0.13 

29.0 

27.0 

17,0 

27.0 

e-15 

-0.17 

09 


TABLE  6,U 
(Continued) 


SUMMARY  OF  Pj,  Pn,  Pm,  AND  PIV 


Soui'ce 

ana 

Record 

r(-»?,X) 

PI 

PII 

flxl 

r» 

rIV 

e-  1  to  5 

-0.16 

26.0 

26.8 

18.6 

28. U 

e-  6  to  10 

-0.22 

27.8 

28.6 

17.2 

26.2 

e-11  to  15 

-0.10 

29.0 

26.5 

17.8 

26.8 

e-  I  to  10 

-0.19 

26.9 

27.7 

17.9 

27.3 

e-  6  to  15 

-0.16 

28. h 

27.6 

17.5 

26.5 

e-16 

-O.Oh 

29.8 

25.0 

18.8 

26.U 

e-17 

f-  1 

0.613 

f-  2 

0.37l» 

f-  3 

0.398 

g-2h 

25.6 

11.6 

30.2 

32.6 

g-15 

20.6 

11.8 

52.9 

lii.7 

S-31 

15.2 

18.2 

33.3 

33.3 

g-25 

33.3 

26.2 

21.U 

19.0 

e-35 

33.3 

16.7 

27.8 

22.2 

7.  Confidence  Limits  For  Correlation  Coefficients 


Because  the  statistical  parameters,  including  r(r),  A  ),  will  vary 
from  one  seemingly  similar  record  to  another,  even  though  the  sample 
size  remains  constant,  the  correlation  coefficient  r  is  merely  an 
estimate  subject  to  sampling  error.  For  any  observed  value  of  r  one  may 
set  limits  which  will  be  wide  enough  to  include  the  true  value  with  any 
required  degree  of  confidence,  say  0.?5.  These  limits  are  called  the 
95  percent  confidence  limits.  If  r  »  observed  value,  then  pm  true 
valve  of  correlation  coefficient.  The  true  value, p  ,  although  unknown, 
is  not  a  random  variable,  so  that  one  should  not  speak  of  the 
probability  that  plies  between  the  confidence  limits.  Instead  r  is 
the’  random  variable  and  there  is  a  probability  that  the  confidence 
interval  (between  upper  and  lover  confidence  limits),  which^is  a 
function  of  r,  will  include  the  true  value,  so  that  in  saying  of  one 
confidence  interval  that  it  does  include  the  true  value,  there 
stands  only  a  5  percent  chance  of  being  wrong,  and  therefore  a 
reasonable  chance  of  being  right. 
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Ninety-five  percent  confidence  limits  for  correlation  coefficients 
then  N  •  100,  from  Fischer  (1915) *  are  presented  in  Table  6.5« 

TABLE  6,5 

95  PERCENT  CONFIDENCE  UMT;  *0R 
CORRELATION  COEFFICIENTS 
N  -  100 


r 

Upper 

Lower 

0 

0.197 

-0.197 

0.1 

0.292 

-0.099 

0.2 

0.383 

O.OO;. 

0.3 

0.570 

0.110 

0.5 

0.55U 

0.220 

0.5 

0.635 

0.336 

0.6 

0.713 

0.557 

0.7 

0.796 

0.563 

0.8 

0.862 

0.716 

0.9 

0.932 

0.855 

l.o 

1.000 

1.000 

For  r  minus,  the  95  percent  confidence  limits  are  the  negative 
of  the  corresponding  values  for  r  positive  in  the  above  table. 

8.  Teat  for  Linearity  of  Regression 

Mathematics  and  the  theory  f°r  test  of  linearity  of  regression 
will  not  be  repeated  here,  but  is  readily  available  in  textbooks  on 
mathematics  of  statistics,  for  example,  Kenney  and  Keeping  (1956), 

Part  II,  Chapter  XI. 

The  continuous  records,  sources  a  and  e  only,  were  tested.  The 
non- continuous  records  appear  to  have  appreciable  deviation  from  linear 
regression,-  according  to  Figures  6.1  through  6.5.  This  may  be  a 
peculiarity  of  these  types  of  non-continuous  records. 

Data  were  tabulated  in  17-row:  and  X-colunns  $t  0.5  intervals. 

The  records  average  about  100  waves  each  for  both  sources.  Source  a 
averaged  6  rows  and  6  columns,  whence  the  number  ox  degrees  of  freedom 
n^  ■  0  -  2  ■  U  and  no  "  100  -  (•  *=  95>  corresponding  to  values  of  the 
F  distribution  of  2.57  and  3*52  for  the  5  percent  and  1  percent  limits, 
respectively.  Source  e  averaged  5  rows  and  5  columns,  corresponding 
to  F  values  of  2.71  and  5.00  for  the  5  percent  and  1  percent  limits, 
respectively. 
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Table  6.6  presents  the  results  of  the  test  for  linearity.  For 
both  sources  it  is  seen  for  a  number  of  cases  deviation  from  linear 
regression  is  significant  for  the  regression  of  i?  on  X  *  However, 
in  most  cases  for  X  on  17  the  deviation  from  li  '  regression  is 
insignificant.  Perhaps  in  some  cases  an  unsati_  -ctory  linear 
regression  of  ijon  X  may  be  duo  to  such  physical  factors  as  breaking 
waves  or  limiting  17  values  for  small  X .  The  reverse  of  X  on  v  f 
however,  does  not  appear  to  have  the  same  restriction.  Deviations 
from  the  Rayleigh  distribution  may  also  have  an  effect  on  the 
linearity  of  regression. 

Based  on  the  above  investigation,  it  is  seen  that  the  relationship 
of  ■'j(Xp),  mean  wave  height  for  longest  wave  lengths  is  not  entirely 
satisfactory  for  prediction  purposes.  It  can  be  concluded,  however, 
that  the  relationship  of  X {Vp  ) ,  mean  wave  length  of  highest  wave 
heights,  is  satisfactory}  and,  therefore,  the  relationship  of  v(tjd  ), 
mean  wave  period  of  hifu-st  wave  heights,  is  also  satisfactory  for 
prediction  purposes. 
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TABLE  6.6 


TEST  fCR  LINEARITY  (F  REGRESSION 
(F  -  Distribution) 


a-A 

U.6078 

7.57 

2.021*6 

1.91 

Between 

Between 

a-B 

8.8l?l 

19.72 

7.7811 

6.1*3 

2.1* 

3.5 

a-C 

1.11*05 

1.51 

2.0005 

2.90 

and 

and 

a-D 

2.221*0 

2.90 

2.8327 

9.32 

2.5 

3.6 

a-E 

2*8580 

2.78 

O.638O 

0.92 

a-F 

1.2390 

1,26 

1.6890 

3.65 

a-G 

5.0831* 

5.12 

2.8955 

1*.57 

a-K 

12.7390 

11.63 

2.0765 

3.12 

a-I 

9.8605 

■'.0.58 

1.2777 

2.1a 

a-J 

3.7153 

2.86 

0.6979 

0.05 

a-K 

3.5570 

1*.28 

0.5587 

j.55 

a-L 

2.91*92 

2.88 

1.7755 

1.93 

a-M 

5.1*1*36 

7.33 

2.8065 

3,82 

a-N 

2.6298 

1.1*1* 

2.8563 

2.1*5 

a-o 

3.9536 

1*.1*1 

3.071*1* 

3.13 

a-P 

5.6783 

9.52 

2.9860 

3.77 

a-Q 

1.9035 

2.21* 

0.11*69 

0.19 

a-R 

2.5011 

2.05 

1.1609 

1.26 

a-S 

9.21*09 

15.21 

0.1*710 

0.68 

a-T 

3.2277 

5.H* 

0.7225 

0.88 

a-U 

1.0713 

0.57 

1.7632 

2.23 

a-V 

3.331*2 

3.68 

1.01*25 

1.79 

a-W 

5.1*283 

8.12 

0.1*800 

0.35 

a-X 

1.1*1*21* 

1.81* 

0.0680 

0.11 

a-Y 

2.0063 

2.59 

2.81*50 

3.69 

Ave. 

5.1*9 

2.1*8 

e-  1 

1.1*01*7 

2.53 

1.6553 

l*.oo 

2.71 

l*.o 

e-  2 

1.3501* 

2.68 

1.851*7 

2.30 

e-  3 

1,8283 

5.78 

0.8521* 

2.78 

e-  U 

0.8801* 

1.36 

0.6552 

O.83 

e-  5 

0.5957 

1.19 

0.3505 

0.51 

a-  6 

1.6587 

3,02 

0.061*2 

0.0P 

e-  7 

6.721*5 

33.01 

1.1*888 

3.25 

e-  8 

1.71*1*1 

3.93 

0.811*9 

2.01* 

e-  9 

1.1*71*7 

3.00 

0.221*3 

0.50 

e-10 

3.2596 

6.60 

0.7310 

1.35 

e-11 

ii.5723 

9.1*1* 

0.2206 

0.53 

e-12 

2.8001* 

5.01* 

0.7911* 

2.33 

e-13 

2.6396 

5.1*6 

0.3531* 

0.68 

e-ll* 

7.3616 

15.30 

0.81*61* 

1.20 

a -15 

2.2677 

i*.17 

3.171*6 

11.23 

'  /I 

U.o 

Ave. 

6.83 

2.21* 
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T{Vu) 

FIGURE  6.3  RELATIONS  FOR  MEAN  PERIOD  OF  HIGHEST  WAVE  HEIGHTS 
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RELATIONS  FOR  PERCENT  OF  WAV'  5  IN  FOUR  QUADRANTS 


CHAPTER  VII  r  A  THEORY  QF  WAVE  SPECTRA  FRCM  JOINT  DISTRIBUTION 


1.  General 


A  theory  of  wave  spectra  for  ocean  waves  is  developed  from  the 
know?  edge  of  Joint  distribution  of  heists  and  lei,  ns.  The  unit 
form  of  notation  is  used  throughout  the  development,  and  the  final 
form  in  standard  units  is  presented*  In  the  following  development 
certain  assumptions  are  made.  These  are  discussed  when  need  arises 
in  the  development.  The  general  derivation  can  be  made  without  any 
knowledge  of  the  exact  marginal  distribution  functions ,  except  that 
p(fj  )  and  p(X)  must  be  of  the  same  variate,  i.e.,  *?vX^,a3-*ajv, 
stcj  and  it  is  assumed  that  linear  regression  applies  for  rj  on  \ 

(or  X  on  7)  ). 

2.  Energy  Considerations 

The  definition  of  wave  energy  used  in  simple  wave  theory  refers 
to  the  mean  wave  energy  p&i  unit  area  of  surface*  To  obtain  total 
wave  energy  per  unit  width  perpendicular  to  the  crest  the  mean  wave 
energy  per  unit  area  of  surface  is  multiplied  by  the  wave  length. 

In  unit  form  the  mean  wave  energy  per  unit  of  area  surface  is  defined 
by 


(7.1) 


and  the  total  energy  per  unit  width  is  given  by 


Q'-q'X 


(7.2) 


where 


QpH2 


(7.3) 


It  can  be  seen  from  (7.3)  that,  both  (7.1)  end  (7.2)  might 
represent  either  the  potential  energy  or  the  kinetic  energy,  or  both. 

In  the  material  following  rj  and  X  symbols  are  used,  ana  tjz 
will  be  called  energy,  althou^i  the  actual  energy  must  be  obtained 
by  use  of  q1  and  Q1  frem  above,  whence 
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,1 


and 


q«7j2 


Qmrjz  X 


(7.U) 


(7.5) 


In  Cartesian  coordinate  system  for  two  directions  let  q  » 172 
be  parallel  to  the  ordinate  and  X  parallel  to  the  abscissa,  and  it 
will  be  seen  that  Q  is  the  area  under  the  line  tj2»  constant  bounded 
by  the  interval  between  0  and  X  .  In  the  same  system  q  will  be  a 
point  whose  coordinates  are  172  and  X. 

Consider  next  a  wave  record  of  N  waves,  in.uhieh  there  are  k 
number  of  z  having  '  ;  of  class  i  between  Xj-f  and  Xj  — 
and  the  sum  of  q^  and  the  sun  of  become 


i  i 


(7.6) 


Ql*k7?|ZXi  (7.7) 


limit  as  A  X->0 

It  can  now  be  seen  that  is  the  area  under  the  line  loj|Z  = 

constant  bounded  by  the  Interval  0  and  X  as  AX  - ►O,  and  that 

is  an  element  bounded  by  kijj2  for  the  increment  AX  ,  but  as  AX— *-0 
q^.  becomes  a  point  whose  coordinates  are  k^2  and  Xj  .  This  point 
is  one  of  many  such  points  on  a  curve  as  the  process  is  repeated  for 
other  classes  of  X,  This  curve  i3  called  the  X  spectra  nf  q  or  the 
X  spectra  of  tj2. 

In  tho  above  it  is  not  necessary  u>  assume  for  a  complex  sea 
that  one  may  compute  q  or  q'  from  the  measured  wave  heights,  which 
appear  to  be  changing  with  time,  and  hence  it  is  not  necessary  to 
assume  individual  values  of  q  proportional  to  t?2  ?or  a  complex  sea. 

It  is  only  necessary  to  assume  that  the  statistical  distribution  cf 
i7l  _£pr  each  class  of  X(  is  sufricient  such  that  qj_  is  proportional 
to  ijj2  •  xne  above  appears  to.be  true  when  all  w«"6S  are  Considered 
as  one  class,  in  whlcv  case  i?jz  »  172  the  energy  coefficient  j  and  for 
the  Rayleigh  dlstrit  ,ion  17 2  ,  which  is  in  agreement- with  the 
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data.  Wien  classes  of  X  are  considered}  it  appears  also  that  ^ 
where 


(7.8) 


and  it  appears  that  the  above  assumption  is  satisfactory  for  derivation 
of  a  theoretical  family  of  X  spectra  cf  *j*. 

3.  Derivation  of  X  Spectra  of 

The  X  spectra,  of  17*  is  obtained  by  squaring  all  i)  and  sunning 

i}2  between  X  +  and  X  -  as  A  X - ►  0  for  all  X 

between  0  and  00.  •  Mathematically}  in  terms  of  the  joint  distribution 
function  this  summation  is  represented  by 


I 

and 


(7.9) 


p(ij,X)-P(X)  -PX(1)) 


(7.10) 


3-2(  X),  the  summation  function  of  ij*  with  respect  to  X  ,  is 
termed  the  family. of  X  spectra  of  17*.  p(*?,X  )  is  the  joint 
distribution  function  of  -17  and  X,  p(  X)  the  marginal  distribution 
function  of  X  ,  and  pv  (7  )  the  conditional  distribution  function 
of  V* 

Fran  (7.9)  and  (7.10)  one  obtains 


/•CO  , 

(X)*p(X)  J  i7zPxH) 


(7.11.» 


One  may  suppose  that  the  integral  of  (7*11)  evaluates .by 
definition 


/•CO 

L  v‘ 


v\MJ0 


(7.12' 


anus 


no 


S^»  (X)«  p(X) 


(7.13) 


To  obtain  the  complete  form  of  the  X  spectra  c  *  rj2  one  must 
evaluate  rfJ  .  This  can  be  done  analogousto  i, 
assuming  oxuy  linear  regression  and  172  *  X? ,  whence 


^x2  "  k<t?x)2  (7.1U) 


where  W  is  the  equation  of  the  regression  line  of  1}  on  X,  and 
from  Chapter  V 


V«-,,+,X  (7.15) 


and 

"  Ki  [(|_f)+r  x]  (7.I6) 


The  constant  Ki  can  be  solved  from  the  condition  that  the  area  under 
the  X  spectra  of  ij*  is  eq'ial  to  the  energy  coefficient  ij2  j 

7*  “/0°°V  ,MdX  '  (7.17) 


and  using  (7.13)  and  (7.16)  one  obtains 


1?2*  K,  J^|(l-r)  +  rxjp(X}  dX  (7.1°) 


or  expanding  and  by  definition 


III 


S,2  (X) 


[l-r  +r\]* 
l  +  r2  ft2  -  I) 


p(X) 


(7.21) 


It*  r  Spectra  of  yz 

Eq.  (7*21)  can  be  transformed  into  the  r  spectra  of  yz  by  noting 


iX)dX»S^2(T)dr 

p(X)aX*p(r)dT 

X»OT2 


Thus 


(t)« 


V*  [I— r  +or  r2]2 

- - - ■ — p{T) 

l+r2(ij*-  -  i  i 


(7.22) 


(7.23) 


In  the  above  r  is  still  the  correlation  coefficient  r(i)t  X  ). 

Assuming  the  Rayleigh  distribution  for  wave  length  variability 
applies  over  a  range  of  correlation  coefficients  applicable  to  wave 
data,  S^2(  X)  and  S^2(  t)  respectively,  are  given  by 


v<»- 


irX2 

X«“4 


(7.2U) 


Sr/2W« 


4qz[l-r+-cr  t^]2 
1+0.273  rz 


*  -0.675  t4 
rs  e 


(7*25) 
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In  (7.25) ,  a  »  0.927  for  the  Rayleigh  distribution,  and  it  must 
also  be  remembered  that  r  is  r('i),  X),  the  correlation  coefficient 
between  17  and  X.  Figures  7.2  and  7.1|  respectively,  show  S„  2(  X) 
and  Sij  2(  t  )  for  various  values  of  r (17 .  X)  between  rCvj ,  X )  «  -O.lj 
and  -(0.6,  It  is  believed  that  for  negative  r(i7,> '  greater  numerically 
than  shown  (-O.I4)  does  not  occur  in  naturej  and  fut .  .eraoro,  the 
relationships  will  tend  to  fail  if  applied  outside  this  range, ^  Figures 
7.1  and  7.3  show  the  corresponding  spectra,  Sr(}(  X)  and  ( r  }* 

5.  Period  Spectra 

The  standard  form  of  the  period  spectra  may  be  obtained  from  the 
unit  form  by  noting 


Svz  (t)  dr*  Sh2(T)  dt 


dH 

H 


dr*idT 

T 


Thus 


3.434(H)2 


S^T)* 


I -r +0.927 


1  +  0.273  rz 


_li  «”°'675[t] 

It) 


(7.26) 


(7.27) 


6.  Frequency  Spectra 

The  period  spectra  may  be  transformed  into  the  frequency  spectra 
by  noting  that 


Jo 


SH2lT)  dT  * 


SHzW  dw* 


SHz  dw 


(7.28) 
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and 


dw*  ■ 


Thus 


3.434(H)2 


Sh2  (ftl)  ■ 


l-r  •*■0.927  r 


I ■*■0.273  r2 


-0.675 


(7.29) 


(7.30) 


£ 


7*  Properties  of  Wave.  Spectra 

Frcfa  the  above  proposed  wave  spectra,  one  say  determine  certain 
properties  discussed  below. 

Peak  of  r  Spectra  of  if.  it  is  of  interest  to  investigate  the 
peak  of-  the  r  spectra  of  rj  21,  this  representing  the  band  of  wave 
periods  around  which  is  concentrated  maximum  wave  energy.  This  period 
will  be  called  r0p,  the  optimum  period,  and  may  be  obtained  from  . 


4[s«*  (t)  * 

■■  T  •  0 

dr 


(7.31) 


whenoe 


(t-rf^3-2.7rjp]+  2or  (l-r)r|F.  [w-Mr^A^^-g.Tr^-O  (7.32) 


f 

f'  Eq,  (7.32/  is  a  quadratic  in  terms  of  r,  from  which  it  follows 


is 

K 


ArE+  2Br  +■  C  «0 


3*  v/b  V 


AC 


(7.33) 


where 


A  *  |^3— QT2jlO-2ir(ar2)2j +(or2)2  ^7-Tr(ar2)2  j 
B  ■  3  +ir(oT2)2j  +  or2  £s-  ir (or2)*] 

C  ■  3-t(ot2)2 


iMole  7.1  gives  typical  values  of  r0p  for  various  correlation 
coefficients,  r(i},  X). 


TABLE  7.1 


Top  AND  r ("33;  VERSUS  CORRELATION  COEFFICIENT 


ir(ar  2op)2 

r(i),  X) 

Top 

t(7?33) 

fop 

t(h33) 

3.00 

0 

1.0267 

1.0000 

3.25 

0.0616 

1.01*75 

1.0183 

3.50 

1.0671 

1.0353 

1.0307 

3.7? 

0.1733 

1.0856 

1.0313 

U.''' 

1.1032 

1.0662 

1.031*7 

In?" 

0.2810 

1.0810 

1.0361 

U.50 

0.33U6 

1.1363 

1.0938 

1.0370 

>n7? 

0.3871* 

1.1317 

1.0375 

5.C0 

0.1*1*21 

1.1665 

1.121*8 

1.0371 

3.2? 

0.1*986 

1.1808 

1.1398 

1.0360 

?.?o 

0.5373 

1.191*6 

1.1531 

1.031*2 

3.73 

0.6193 

1.2080 

1.1711 

1.0315 

O.68U6 

1.2210 

1.1877 

6.23 

0.7150 

1.2335 

1.2029 

1.021*5 

6.?0 

0.8296 

1.21*57 

1.221*2 

6.73 

0.9109 

1.2571* 

1.21*36 

1.0131 

1.2689 

1,261)9 

1.0032 

Relation  of  Optimum  Period  to  Significant  Period:  The 
significant  wave  definition  has  been  gSTncfcSS  quite  arbitrarily; 

It  va3  found  that  observers  tend  to  report  a  mean  or  representative 
value  of  the  higher  wave  groups,  which  was  termed  the  significant 
height,  and  the  corresponding  average  period  of  the  high  groups  was 
called  the  significant  period.  It  was  found  from  wave  record  analysis 


I  IB 


that  this  significant  wave  agreed  quite  satisfactorily  with  the 
highest  one-third  waves  in  the  complete  record.  Hence,  the 
significant  wave  became  attached  to  the  average  height  of  tho 
highest  one-third  waves,  thereby  being  a  statistical  parameter. 

The  significant  period  being  defined  as  the  ave.  ?e  period  of  the 
highest  one-third  waves  was  not  a  useful  statistical  parameter  since 
no  knowledge  existed  in  regard  to  correlation.  The  significant 
period  is  only  a  useful  statistical  parameter  when  the  correlation 
between  17  and  X  is  known,  and  it  has  been  discussed  in  the  two 
preceding  chapters.  The  significant  period  being  related  to  the 
higher  wave  groups  should  be  expected  to  bear  a  close  relationship 
to  the  optimum  period.  It  is  shown  and  verified  in  Chapter  V  that 
the  significant  period  is  given  by 


T Has)*  T}^ “  '/|  +  a60r  (7.34) 

Table  7.1  shows  ti/3  far  the  various  values  of  r(ij,  X),  The 
column  of  *-°P  also  presented  in  Figure  7.5  shows  that  the 
TIH33) 

significant  period  is  very  closely  related  to  the  optimum  period,  as 
should  be  expected.  Thus  the  significant  period  has  a  definite 
significance  in  the  study  of  ocean  waves. 

Mean  Square  Wave  Steepness:  The  mean  square  wave  steepness  is 
given  by 


Svz  (X)dX 


or  using  (7.26) 


1+0.273 


•CO 

~ij  (O-rt+rXJ 


if  X2 

d  -X 

x 


(7.35) 


(7.36) 


Expanding  (7*36)  one  obtains 


fill _ 2 _ 

L  XJ  1+  0.273 rz 


•+*  2rU-r) 


(7.37) 


The  last  two  terns  of  the  above  Integral  lead  t-  finite  results, 
but  the  first  tern  nust  be  Integrated  frcn  a  lower  Unit  X  min, 
discussed  later*  In  this  respect  one  obtains 


_ 2 _ 

1+ 0.273  r 


I 


2r(!-r)  +  -$-  r*  +  (I 


(7.38) 


Consider  the  exponential  integral 

/•CO  ,  wX*  _  . 

Ejlx)=  2  f  4-e'T-dX  (7-3?> 

Xmin 

Let  z  «  dx  ■  -y-  a  ux 

whence 

Ej  <*>“/  r  e"2dz*J  fe"zdi  (7.1*0) 

zmin  zmin 

The  last  half  of  the  above  integral  is  obtained  from  Jahnke,  at.  al. 

(191*5) 


dz  «  0.219383934 


(7.1*1) 


Expanding  by  series  the  first  part  of  the  integral  of  (7.1*0),  and 
integrating,  one  obtains 


niiJi 


*_Z  dz  »["l  nz  —  z(l — ~*  +  - ~ 

L  \  2.2>  3.3i  4.4; 


(7.1*2) 
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It  will  be  noted  that  Znin  <  <  1,  hence  need  be  considered  only 
for  evaluation  of  the  term  lnz.  Using  the  first  five  terras  of  the 
above  series  one  obtains 

} 

t 

f'  |e"zdr»-ln2min-0.8039  (  7.U3) 

i‘  *min 

I 

I  Whence 


Ei'x>-'«min-°*5845 

ir>2 

and  since  i*-f-  and  X»0.927  r* 

E;(k)»-2  lnXmjn-0.3464-4  Inr  min-0.2684 


(7.U*) 


(7.U5) 


I 


Zi 


fc- 

¥■ 


The  final  form  for  mean  square  wave  steepness  becomes 

fiF  [rt,’rt+^  +t'"r)a  t-|nTmin-°  067,»]  (7*L6) 


The  selection  of  T^n  is  discussed  an  the  next  chapter. 

Mean  Square  Sea  Surface  Slope;  Mean  square  sea- surf ace  slope 
relationships  were  derived'  by  Vox  and  Munk  (1956)  by  use  of  the 
directional  spectrum,  the  work  c 2  which  is  not  repeated  here. 
However,  a  less  rigorous  method  is  used  which  results  In  the  same 
expression.  A  simple  sinusoidal  gravity  wave  may  be  represented 
by 


£*A  cot  kx  (7.U7) 

'where  A  is  the  amplitude  H/2  and  k  mcir  /L.  The  wave  slope  is 
obtained  ffccra 


sL 

dx 


*  —  k  A  tin  kx 


(7.U8) 
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The  mean  square  slope  of  the  single  vave  is  obtained  from 


Next  a  train  of  waves  nay  be  considered  for  which  the  crest 
lengths  are  sufficiently,  long,  such  as  one  rai^it infer  from  a  wave 
record  obtained  by  use  of  any  conventional  wave  recorder,  and  assume 
that  the  statistics  are  sufficient  such  that  the  means  are  equivalent 
to  those  obtained  from  diserote  sets  of  sinusoidal  waves  propagated 
unidirectional)  whence  the  mean  square  sea  surface  slope  is  obtained 
from 


(7.50) 


Thus 


<r*»-^l2ir)2 


(7.5D 


where 


is  the  mean  square  wave  steepness 


Eq.  (7.51)  is  that  which  one  might  obtain  whet,  only  a  wave 
record  is  available,  a  very  mirinnm  of  information.  The  fact, 
however,  is  that  the  waves  may  be  short  crested  and  directional,  and 
the  asstmption  of  sufficient  statistics  is  required.  At  first  it 
appears  that  this  asstmption  is  not  in  order,  but  it  can  be  shown 
that  or 2  obtained  from  (7.51)  is  equivalent  to  that  derived  by  Cox 
and  Munk  (1956)  J1S&K  the  directional  spectrum.  The  mean  square 
wave  steepness  IH/i f  may  be  obtained  by  use  of  the  joint  dis¬ 
tribution  function 


■  •CT’  [tf » 


(7.52) 
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or  from  the  period  spectrum 


Kf'-CH"1"" 

thus 

.’■i  v,T,<T 


(7.53) 


(7.5W 


•which  is  identical  to  that  obtained  by  Cox  and  Munk  (1956),  from 
which  the  notation  is  Tt  *  1/8  S^2(T). 

In  terms  of  frequency  w  (7.5U)  becomes 


-^SH2(w)dw 


(7.55) 


According  to  the  notation  used  by  Neumann  and  Pierson  (195?)a 
SHz  lio)  dw  *  4  [aW]  d/t 


(7.56) 


Where  /t  is  the  same  as  <u  and  A  «  H/2. 
It  can  be  hovn  that  in  unit  form 


(7.57) 


(7.58) 


is  obtained  from  (7.ii6). 


12! 


Although  the  family  of  spectra  are  not  intended  for  very  steep 
waves,  (7.58)  for  all  H/L  -  l/?([^\j  ■  1.0  j  reduces  to  (7.51), 

and  predicts  a  maximum  value  of  mean  square  sea  surface  slope 

'’’max  ”  0.10 


.The  maximum  value  of  e can  be  obtained  also  by  use  of  the 
Hichell  (1893)  theory  by  considering  all  waves  initially  have 
H/L  »  1/7  and  folic  dng  the  procedure  from  (7.1*9).  Using  surface 
elevation  £  as  a  function  of  x  obtained  from  Michell  (l8?3)  one 
obtains 

17  max  *  0.11 

and  perhaps  the  family  of.  spectra  can  be  extended  quite  far  into 
earlier  generation. 

Spectral  Width  Parameter:  It  is  of  interest  to  investigate 
the  spectral  width  parameter,  since  this  will  ca3t  some  light  on 
the  change  in  wave  spectra  during  generation  aid  also  during  decay. 
According  to  Williams  and  Cartwright  (195?)  a  non-dimensional 
spectral  width  parameter  is  defined  by 


(7.59) 


where  the  nth  moment  Mn  of  E(  w )  about  the  origin  is 


/•CO 

Mn  ■  Jq  unE(w)dw  (7.60) 


E(  oi )  is  the  energy  spectrum  in  terms  of  the  frequency 
E(oj  )  »  1/8  p  g  Sj$2  (ui).  With  vhe  proper  transformation  the 
X  spectra  of  17 2  can  be  used  to  advantage,  whence 


/•CO 

M„  « 

/  s„2(\)d\ 

vo 

(7.61) 

m4* 

So  viX)Jf 
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Thus 


M  «4- 

w0  ir 

W>.273  r*  [(-f— 'X1-')'*'] 

“.•m5 

The  mean  square  sea  surface  slope  and  the  spectral  width 
parameter  are  discusaeu  again  in  the  next  chapter. 


(7.62) 
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FIGURE  7.5  RATIO  OF  Top/l,^  VERSUS 
CORRELATION  Cu  ICIENT 
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CHAPTER  VIII:  GENERATION  OF  WIND  WAVES  IN  DEEP  WATER 

AND  THE  WAVE  SPECTRA 


f 

t 


i 


i. 

if 

i 


1.  General 

The  preceding  section  presented  the  general  form  of  the  period 
spectra  and  also  the  frequency  spectra.  The  family  of  wave  spectra 
in  general  is  very  useful  in  explaining  the  generation  of  the  30- 
called  complex  sea,  composed  of  waves  of  variable  amplitudes  and 
frequencies.  In  part,  spectrum  of  waves  is  evolved  by  the  generation 
of  waves  from  all  points  within  the  fetch  area. 

The  wave  spectra  can  be  used  to  advantage  in  describing  the  limits 
of  the  wave  forecasting  parameters,  originally  proposod  by  Sverdrup 
and  Munk  (1?U?)  and  rovised  later  by  Bretschneider  (1952)a.  The 
forecasting  relations!:'.;;,  mentioned  above  are  revised  again  in  this 
section. 


2.  Deep  Water  Wave  Generation  Parameters 

The  growth  of  wind  waves  in  deep  water  under  the  action  of  wind 
may  be  represented  by  the  following  parameters: 


(8.1) 


(8.2) 


where 

H  »  wave  height 
T  “  wave  period 
g  <*  acceleration  of  gravity 

F  “  fetch  length,  distance  over  which  the  wind  blows 
U  ■  wind  speed 
t  “  duration  of  wind 

Eqs.  (8,1)  and  (8.2)  result  from  the  application  of  the  FI-thearm 
(Buckingham,  191U)  and  dimensioral  analysis.  This  operation  has  been 
]>erformed  previously  by  others,  for  example,  Johnson  (1950).  The 
above  forms  of  the  parametric  equations  were  arrived  at  from  an 
entirely  different  approach  through  the  theoretical  work  .of  Sverdrvo 
and  Munk  (19U7) •  In  the  following  the  mean  wave  heigat  and  mean  wave 
period  become  quite  ’"seful,  uhence,  for  (0.1)  and  (8,2),  respectively. 
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(8.3) 


U 


qT 

2irU 


(8.U) 


whore  F]_  and  F2  are  functions  of  wind  speed,  fetch  length,  and  wind 
duration.  The  significant  wave  height  according  to  the  Rayleigh 
distribution  is  given  by 


H3j*I.6R  (8.5) 

The  significant  wave  period  is  related  to  the  mean  wave  period  through 
the  correlation  coefficle"''  ’•('^.M 

T(Hm)»T  n/k 0.6r  (8.6) 


The  use  of  Eqs.  (8.5)  and  (8.0)  permits  the  interchange  between  the 
mean  wave  and  the  significant  wave,  when  such  need  arises. 

3.  Wave  Spectra  In  Terms-  Of  Generation  Parameters 

The  period  spectra  is  given  by  (7.35)  of  the  previous  chapter. 
The  corresponding  frequency  spectra  is  given  by  (7.38).  Using  (8.3) 
and  (8.U),  the  corresponding  spectra,  (7.35)  and  (7.38)  respectively, 
become 


gzT3  -0.675 

3t 

2irUFz 

1+0.273  r2 

V. 

(2  v)4 

(8.7) 


and 


Sh2(w)  * 


l-r+ 0.927 


1+0.273  r* 


-0.675 


F2Ua> 


(8.8) 
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where 


For  large  «(8.8)  becomes 


(8.9) 


(8.10) 


(8.11) 


Eq»  (8,11)  can  be  compared  with  that  given  by  Burling  (1955). 


SHatw)”ag2w  5  (8.12) 

Eq.  (8.12)  is  baaed  on  the  high  frequency  componenta  under  steady 
state  conditions,  and  has  also  been  proven  to  be  true  by  Phillips  (195?) 
for  an  entirely  different  approach  by  use  of  the  definition  of  the 
energy  spectrum  and  dimensional  analysis,  a  priori  reasoning.  For 
this  to  be  true  far  a  fully  developed  sea,  (8.11)  must  reduce  to  (8.12), 
thereby  suggesting  zero  correlation.  Thus,  a  fully  developed  sea  is 
in  a  steady  state  of  non-correlation,  unrestricted  by  fetch  length 
and  wind  duration,  and  Fj.  and  Fo  reach  upper  limits.  Based  on  very 
accurate  measurements  Burling  (1955)  obtained  for  a  an  absolute 
constant: 


a •  7.4  '*  10  *  (8.13) 


U.  Evaluation  of  Upper  limits  for  Wave  Generation 

The  fully  developed  sea  is  specified  by  zero  correlation  and  (6.7) 
and  (8.8)  respectively,  become: 


„  9Z  T3  -0.675  f-i^—1 

SH2lT)«a- — —  •  [  2irUF2 

(2tt) 

(8.Hi) 

«  .  -0.675  (—  ^-.-V 

5«  \rz[JWJ 

(8.15) 
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Since  (8.13)  is  obtained  for  a  fully  developed  sea,  this 
represents  a  minimum  value,  Omin*  Fcr  a  to  be  a  minimum,  Fo» 

(8.1ii)  must  be  a  maximum.  There  may  be  some  argument  that  Fg  ought 
to  be  based  on  (8.15),  but  this  concept  is  contrary  to  -wave  observa¬ 
tions.  As  shewn  in  Chapter  VII,  there  is  an  optimum  period.  Tog*  for 
vi ._h  occurs  a  peak,  or  maximum  concentration  of  ■  ave  energy.  Since 
Tnp  is  closely  related  to  T30,  F?  should  be  based  ire  correctly  on 
(8.1!*).  The  optimum  period  x0p  is  obtained  from 


«0  (8.16) 


and  using  (8.11*),  one  obtains: 


(8.1?) 


When  the  corresponding  group  velocity  appropriate  to  T—  is 
equal  to  the  wind  speed,  maximum  wave  generation  will  have  been 
reached,  and  the  energy  front  will  tend  to  leave  the  generating 
area.  Since  the  group  velocity  will  be  on  the  order  of  one-half  the 
phase  velocity  appropriate  to  Tpp,  one  obtains 


(8.18) 


Thus 


cy™„’8 


(8.19) 


According  to  the  work  of  Sverdrup  and  Hunk  (191*7)  the  maximum 
value  of  Fp  *  1.369  (since  Y  “  Tj/3,  zero  correlation  for  a  fully 
developed  sea).  later  revisions  ty  Bretschneider  (1952)b  place  the 
upper  limit  of  ?2  “  1.U5*  a  low  coraprcmise  between  results  obtained 
from  additional  wave  data  and  1.369.  Neumann  (1952)  utilizes  the 


value  of  F2  *  1.369.  These  values  of  F2  *  1.369  and  1.1*5  correspond 
to  gF/U2  V  10?,  Perhaps  the  asymptotic  value  of  m  1.95  has  not  ^ 
been  completely  visualized,  since  it  will  occur  near  gf/U2  •  6  x  ICk, 
as  shown  by  the  data  in  Fig-ires  8.1  and  8,2.  In  fart,  seme  data  show 


F2  in  excess  of  2.0,  but  this  excess  may  be  due  to  scatter  of  data  and 
slight  errors  in  observations. 


Assuming  (F2)max  "  1.95  as  determined  above  and  supported  by 
observations,  one  may  proceed  to  evaluate  (Fi)max  for  *>  fully  developed 
sea. 
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Previous  investigators  have 


reported 


maximum  values  o f 


0.26  Sverdrup  and  Hunk  (194?) 


*  0.30  Rossby  and  Montgomery  (1935) 

max 

The  value  of  0,26,  based  on  the  theoretical  work  of  Sverdrup  and 
Hunk  (194?),  was  also  utilised  by  Bretsohneider  (1952), 

Using  (8.3),  (8.5),  and  (8.9),  one  obtains  for  minima*  value  of  at 

“min  “•6*28  x  10"3  for  JjgjB  .  0.26 

IF 

“min  ■  8,36  x  10"3  for  gg^  -  0.3O 


Thus  it  is  seen  that  In  both  eases,  a-jj,  is  close  to  the  value 
given  by  Burling  (1955)  •  In  view  of  Pg  •  1795,  indications  are  that 

■  0.26  has  not  yet  attained  the  upper  limit  associated  with  the 

fully  developed  aea*  Perhaps  the  value  of  0.3  eUghtly  exceeds  the 
limit  of  the  fully  developed  sea,  which  might  have  resulted  from  the 
method  of  observations.  In  order  to  obtain  a  more  accurate  value  of 
(Pi  )••■*  for  a  fully  developed  sea,  one  must  consider  the  souroe  of 
data,  and  the  accuracy  of  the  methods  used  in  obtaining  the  data. 
Field  data,  winds  and  waves,  used  by  Sverdrup  and  Muak  (1947),  Rossby 
and  Montgomery  (1935),  Neumann  (1952),  and  aleo  Bretechneider  (1952) 
as  a  matter  of  fact,  entail  a  certain  mount  of  subjectiveneas. 
Although  these  data  become  quite  useful  Then  avorages  are  considered, 
greater  accuracy  is  required  for  establishing  the  theoretical  upper 
limits.  The  more  recent  data  used  by  Burling  (1955)  for  obtaining 
0  “  7.4  x  10-3  are  very  reliable  measurements,  making  use  of  the 
capacitance  wire  recorder  developed  by  Tucker  and  wiirn ock  (1955)  • 
This  instrument  records  very  accurately  hi#i  frequency  components 
of  the  wave  system  not  normally  recorded  with  ary  degree  of 
satisfaction  by  other  method*. 

In  view  of  the  above  one  must  conoede,  baeed  on  vary  accur  ate 
measurements  of  Burling  (1955)  that  ^a±n  •  7.4  x  10-3,  and  for 
(F?3-.--  «  1.95,  one  obtains 
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fiW-0  178 


(8*20) 


corresponding  to 


0.178 

0.625 


0.282 


;e.2i) 


5.  Evaluation  of  Lower  Limits  for  Wave  Generation 

Evaluation  of  the  lower  limits  for  generation  of  >'ind  waves  i3 
a  little  more  difficult  than  that  for  the  upper  limits.  The  lower 
limits  are  governed  by  gF/g2  very  small  and  H/L  very  steep  as 
supported  by  numerous  wave  tank  studies,  Bretschneider  and  Rice 
(l?5l)  and  Johnson  and  Rice  (1952)*  The  theoretical  maximum  wave 
steepness  is  given  acco» -!g  to  Michell  (1893) 


L  7  (8.22) 

For  the  sea  to  have  maximum  steepness,  all  individual  waves  must 
be  at  maximum  steepness.  Hence,  a  scatter  diagram  of  H  versus  L  will 
show  all  data  on  a  straight" line  with  a  slope  of  1/7.  A  plot  of  17 
versus  X  will  have  a  slope  of  US  degrees,  corresponding  to  a 
correlation  coefficient  of  r(i),  X  )  *  +1.0. 

For  the  above  condition  one  finds 


E.jl 

—iiaa— .  ± 

L  7 

L(HJj)  ^ 

r  »+ 1.0 

L(H„).  I.6L 

(8.23) 

HfH 

T(Hjj)“  1-2657 

and  from  (8.9)  one  obtains 


amox  ® 


16  irz  _ 
49 


3.25 


(8.2u) 
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Since  relates  the  maximum  ratio  of  ?]?/$ ‘jM,  it  is  tempting 
to  extend  the  generation  parameters,  Figure  6.1,  asymptotically  at 
sane  value  of  gF/o^  loner  than  that  reported  far  nave  tank  data. 

This  would  lead  to  minimum  values  of  Fj  and  Fj  guided  by  wave  data. 

Another  method  of  obtaining  the  minimum  is  to  consider 

the  lowest  possible  period  that  might  oe  generated  and  the  lowest 
possible  wind  speed  or  the  critical  wind  speed  required  to  make  thf 
sea  surface  rough.  This  approach  is  sanewhat  superficial  but  leads 
to  essentially  the  same  results  as  the  other  method.  Assuming  the 
capillary  limit  T^n  *  0.071*  saconds  and  *  1.7  cm  and  the 
critical  wind  speed  ci  6  meters  per  second,  and  using  (8.2l*),  the 
extreme  lower  limits  are  obtained: 


qT 

2wU 


*0.0193 


O^ss) 

2trU 


2vU 


*0.0244 


qH 

^  *  0.000357 


(8.25) 


0.000572 


^V*  0.0046 


Eq.  (8.25)  may  be  considered  the  extreme  lower  limits,  and  in 
actuality  &L  must  be  greater  than  0.001*6  in  order  to  develop  a 
U2 

spectrum  of  waves  for  a  wind  spaed  of  6  meters  per  second.  Furthermore, 
for  wind  speeds  greeter  than  6  meters  per  second  the  fetch  F  must  be 
greater  than  that  required  for '6  meters  per  second,  since  wave  lengths 
generated  by  higher  winds  will  be  longer.  The  spectnan  of  waves  is 
correspondingly  built  up  from  all  values  of  and  Jjg  generated 


limited  by  wind  speed,  actual  fetch  length,  and  duration  of  wind. 
Hence,  one  should  expect  the  spectra  in  unit  form  to  be  murc  narrow 
with  a  higier  peak  for  a  young  sec  than  a  fully  developed  sea. 
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6.  Transition  Zone 


The  transition  tons  for  va.e  generation  ir'.' tides  that  between  the 
lower  and  upper  Units  discussed  above.  Much  t.  e  data  are  available 
for  significant  wave  heights  and  significant  wave  periods.  The  mean 
wave  height  is  statistically  related  to  the  significant  'wave  hel&t. 

The  mean  wave  period  is  related  to  the  significant  period  through  the 
correlation  coefficient,  r(rj,X).  The  lower  limit  of  generation 
begins  at  r(ij,X)  -  +1,0  .here  Ti/j  ■  1*265  7  and  the  upper  limit 
is  at  r(rj,X )  ■  0,  where  2^3  *  J.  Evidently  the  correlation 
coefficient  r(i?,X)  and  (Ti/3)^  are  function*  of  £»  and  Since 

the  ratio  of  (Ti/3)^  changes  from  1.265  to  1.0  over  a  very  wide 
range  of  generation,  it  is  logical  to  assume  as  a  first  approximation 
that  this  transition  is  gentle  and  regular.  The  wave  data  establish 
quite  accurately  the  r-*,*.tionahiE|  for  (&!/}) /v-irU*  ^  exact 
relationship  of  gT/2irU  versus  in  the  transition  is  not  completely 

established  due  to  the  lack  of  sufficient  wave  data.  However,  a 
limited  amount  of  wave  data  from  Fort  Peck  Reservoir  and  Lake  Texcna 
are  available  for  this  aspect  of  the  problem.  These  data  are  summarised 
in  Table  8.1.  Fetch  lengths  for  these  data  are  not  wall  established, 
due  to  irregular  channel  effects.  The  parameter  of  ^  is  eliminated 

by  using  and  *T  versus  r(t»,  X),  where  r(i>,X)  is  related  to 

Uz  5vrTJ 

which  in  turn  is  assumed  to  be  a  slowly  changing  function  of  J|. 

Figure  3.3  ahovs  the  relationships  of  ^/2tu|<^1/3)/2*U,  and  e^33/„2 
all  as  functions  of  Hv>  X).  Tbs  scatter  of  data  seems  excessive  u 
but  it  should  be  remembered  that  100  waves  are  too  small  a  nwtoer  to 
expect  a  minimum  of  aoatter  in  tarms  of  the  correlation  coefficient. 

The  95  percent  confidence  limits  for  the  correlation  coefficients  are 
alao  shown. 

Figure  8.1,  the  Fetch  Qraph,  represents  the  revised  wave  fore¬ 
casting  relationships,  based  on  the  above  considerations,  together 
with  additional  relationships  discussed  below.  The  data  shown  is 
that  originally  used  by  Bretacnneider  (1951). 

7.  Duration  Qraph 

The  preceding  sections  were  oevoted  to  wave  generation  as  a 
function  of  fetch  length,  assisting  unlimited  duration.  The  Duration 
Qrapr.,  Figure  8.2,  may  be  obtained  by  use  of  the  Fetch  Qraph,  Figure 
8.1,  and  the  considerations  following. 
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TABLE  8.1 


Source 

and 

Record 


SUMMARY  QF  DEEP  WATER  WIND  W'tE  DATA 


W<*33>  8*1/3 

seconds  *** 


r 


(FORT  PECK  RESERVOIR) 


b-  1 

20.7 

1.32 

0.01*60 

2.25 

0.378 

0.12 

b-  2 

19.7 

l.D* 

0.0U37 

2.31 

0.U08 

0.38 

b-  3 

26.0 

2.62 

0.0580 

2.67 

0.358 

0.1*2 

b-  U 

26.7 

2.82 

0.0580 

3.30 

0.U30 

0.1*1 

b-  5 

30.8 

3.02 

0.01*80 

3.18 

0.360 

0.1*8 

b-  6 

31.6 

o  in 

0.0375 

2.83 

0.311 

0.1*1 

b-  7 

30.2 

2.72 

o.ol*l*5 

3.06 

0.353 

o.51* 

b-  8 

30. U 

2.18 

0.0350 

2.50 

0.286 

0.29 

b-  9 

30.8 

1.79 

0.0281 

2.17 

0.2U5 

0.19 

b-10 

29.8 

1.75 

0.0291* 

2.35 

0.27U 

0.22 

b-11 

23.8 

1.85 

0.01*86 

2.62 

0.383 

0.15 

b-12 

26.6 

2.91 

0.0610 

3.08 

0.1*03 

0.30 

b-13 

26.5 

3.n 

0.0660 

2.89 

0.300 

0.1*1 

b-11* 

25.3 

2.61 

0.06lr 

2.79 

0.381* 

0.1*2 

b-15 

2l*.2 

2.1*0 

0.06*0 

3.1U 

0.1*50 

0.1*7 

b-16 

22.2 

2.56 

0.0775 

2.78 

0.1*35 

0.31 

b-17 

21.1 

2,Gt* 

r.0950 

3.26 

0.535 

0.1*5 

b-18 

22.6 

2.5U 

0.071*0 

2.86 

0.10*0 

0.1*2 

b-19 

23.9 

3.05 

0.0795 

2.78 

0.1*05 

0.27 

b-20 

27.6 

3.1*3 

0.0670 

3.09 

0.389 

0.1*8 

(LAKE*  TEXCMA,  TEXAS) 


o-  5 

29 

1.33 

0.0236 

2.30 

0.276 

0,31* 

o-  6 

26 

1.13 

0.0250 

2.16 

0.289 

0.38 

c-  7 

32 

1.51* 

0.0221* 

2.60 

0.283 

0.16 

c-  8 

30 

1.37 

0.0227 

2.53 

0.291* 

0.08 

c-12 

25 

1.67 

0.01*00 

2.75 

0.381* 

0.30 

c-13 

25 

1.67 

0.01*00 

2.92 

0.1*06 

0.1*3 

c-U* 

25 

1.67 

0.01*00 

2.88 

0.1*01 

0.1*9 

c-15 

25 

1.59 

0.0378 

2.91 

0.1*05 

0.1*0 

c-16 

31* 

1.31* 

0.0173 

2.3l* 

0.21*0 

0.16 

c-17 

35 

1.3l* 

0.0163 

2.60 

0.259 

0.1*0 

c-18 

39 

2.15 

0.0211 

3.09 

0.276 

0,65 

c-19 

38 

1.87 

0.0193 

3.11 

0.285 

0.56 

c-20 

29 

1.06 

0.0370 

2.09 

0.251 

0.32 

c-21 

30 

1.27 

0.0210 

2.06 

0.239 

0.3’ 

c-22 

29 

1.37 

0.021*2 

2.39 

0.287 

0.23 

c-23 

28 

1.33 

0.0252 

2.1*3 

0.303 

0.3? 

c-2i* 

33 

1.66 

r\  aoo*? 

i 

O  Ol. 

*-  • 

O-tiO 

c-25 

32 

l.5o 

0.0218 

2.33 

ol'ol* 

0.37 
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The  duration  of  time  required  for  wave  generation  depends  on 
the  fetch  distance  traveled  and  the  group  velocity  appropriate  uo 
the  most  energetic  waves.  The  general  form  of  F  »•  lpt  (fetch  distance 
is  squal  to  group  velocity  times  time)  can  be  appl,  *  in  differential 
form  dt  »  —  dF,  where  C~,  the  group  velocity  is  a  variable  and 
Cg  * 

increases  with  time  and  distance.  In  parametric  form  the  expression 
becomes 


where 


(8.26) 


(8.2?) 


T°p/Ti/3  is  8  function  of  r(ij,  X )  and  hence  of  from  which 
one  obtains  tU/F  as  a  function  of  JS£-  The  curve  of  tU/F  versus 


gF/jj2  is  shown  in  Figure  8*1*  The  ^curves  of  £^and^32  as 


cF 

functions  of  can  bo  expressed  as  functions  of  gt/U..  ”  This  is 
IT 

shown  in  Figure  8.2.  together  with  the  wave  data  taken  from 
Bretschneider  (1951). 


8,  Wave  Generation  Parameters 


Table  8.2  gives  a  summary  of  wave  generation  parameters.  In 
addition  to  those  discussed  above,  other  parameters  are  discussed 
below. 

Mean  Wave  Steepness:  The  mean  wave  steepness  can  be  represented 
as  a  function  of  gr, "and  in  standard  form 


H/i;  is  given_afl_a  function  of  K  in  Figure  8.1  from  which  can  be 
computed  MM  using  r  from  ^  Tabls  8.2. 
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TABLE  8.2 


SUMMARY  OF  DEEP  WATER  WAVE  GENERATION  PARAMETERS 


uz 

f 

tu 

T 

IT 

'rl/3 

~2irU 

rfo.A) 

*l/i 

•f 

O.Ol 

0.63 

63.0 

0.0005  i'u 

0.021*7 

0.998 

1.261*5 

0.02 

1.11' 

57.0 

0.000611 

0.0258 

0.995 

1.2637 

O.Qli 

2.06 

51.5 

0.000733 

0.0288 

0.992 

1.2629 

0.06 

2.92 

1*8.6 

0.00086? 

0.0316 

0.985 

1.2613 

0.08 

3.70 

1*6.3 

0.00095? 

0.033** 

0.981 

1.2602 

0.10 

ii.50 

1*5.0 

0.00105 

0.0353 

0.979 

1.2598 

0.20 

8.00 

2*0.2 

0.0011*3 

0.01*25 

0.965 

1.2566 

0.1*0 

ll*.l 

35.5 

0,00195 

0.0521 

0.91*9 

1.2526 

0.60 

20.3 

33.9 

0.00235 

0.0591 

0.936 

1.21*97 

0.80 

25.  f 

32.1 

0.00269 

0.061*6 

0;927 

1.21*71* 

1.00 

31.0 

31.0 

0.00301 

0.0695 

0.916 

1.21*50 

2.00 

5U.o 

27.0 

0.001*30 

0.0869 

0.878 

1.2357 

li.00 

9U.0 

23.5 

0.00610 

0.108 

0.827 

1.2231 

6.00 

129 

21.5 

0.0071*3 

0.121* 

0.7$0 

1.211a 

8.00 

160 

20.0 

0.00855 

0.137 

0.762 

1.2071 

10.0 

192 

19*2 

0.00951 

0.11*7 

0.71*0 

1.2017 

20.0 

306 

15.3 

0.0129 

0.179 

0.-671 

1.181*5 

Uo.o 

1*88 

12.2 

0.0175 

0.215 

0.590 

1.1636 

60.0 

651* 

10.9 

0.0208 

0.21*0 

0.51*6 

1.1521* 

80.0 

79? 

9.90 

0.0232 

0.261 

0.513 

1.11*37 

100 

926 

9.20 

0.0255 

0.279 

0.1*86 

1.1367 

200 

1,520 

7.60 

C.0337 

0.337 

0.1*00 

1.1355 

1*00 

2, 1*1*0 

6.10 

o.oaia 

0.1*03 

0.322 

1.0918 

600 

3,300 

5.50 

0.0522 

0.1*53 

0.275 

1.0791* 

800 

1»,056 

5.07 

0.0583 

0.1*86 

0.21*3 

1.0705 

1,000 

1*,800 

1*.80 

0.06U1 

0.519 

0.220 

1.061*0 

2,000 

8,000 

2*.00 

o.oeia 

0.618 

0.160 

1.01x69 

a.ooo 

13,800 

3.1*5 

0,1110 

0.735 

0.102 

1.0301 

6,000 

18,960 

3. ^ 

0.130 

0.816 

0.079 

1.0232 

8,000 

23,760 

2.97 

0.11*5 

0.87? 

0.062 

1.0183 

10,000 

28,100 

2.81 

0.157 

0.921* 

0.052 

1.015U 

20,000 

1*8,200 

2.1a 

0.195 

i.io 

0.027 

l.OOCO 

1*0,000 

82,000 

2.05 

0.231* 

1.28 

0.010 

1.0030 

60,000 

112,800 

1.88 

0.253 

1.39 

0.006 

1.0018 

80,000 

11*0,000 

1.75 

0.261* 

1.1*5 

0.002 

1.0006 

100,000 

168,000 

1,68 

0.270 

1.51* 

0.001 

1.0 

150,000 

228,000 

1.52 

0.277 

1.6? 

-  0 

1.0 

200,000 

286,000 

1.1*3 

0.279 

1.71* 

0 

1.0 

300,000 

393,000 

1.31 

0.281 

1.81* 

0 

1.0  ' 

1*00,000 

1*96,000 

1,21* 

0,282 

1.90 

0 

1.0 

500,000 

595,000 

1.19 

0.282 

1.93 

0 

1.0 

600,000 

702,000 

1.17 

0.282 

1.95 

0 

1.0 
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TABLE  8,2 
(Continued) 

SUMHAHT  OF  DEEP  WATER  WAVE  GENERA  ’N  PARAMETERS 


5 

H 

T 

IS 

a 

«2 

Q 

H, /•» 

(V 

O.Ol 

0.139!* 

c.1397 

3.07 

0.0958 

0,1*61* 

0.767 

0.02 

0.1355 

0.1361 

2.90 

0.0910 

0.1*65 

0.71*8 

o.ou 

0.1309 

0.1316 

2.71 

0.0856 

0.2*66 

0.725 

0.06 

0.1270 

0.1282 

2.55 

0.0813 

0.1*67 

0.708 

0.08 

0.1257 

0.1272 

2.50 

0,0800 

0.1*68 

0.699 

0.10 

0.1235 

0.1251 

2.1*1 

0.0775 

0.1*71* 

0.687 

0.20 

0.115? 

0.1179 

2.11 

0.0691 

0.1*79 

0.61*5 

o,!*o 

0,101*0 

0.1071 

1.71 

0.0575 

0.1*87 

0.585 

0.60 

0.0969 

0.1005 

1.1*8 

0.0510 

0.1*9U 

0.51*8 

0.80 

0.0925 

0.0965 

1.35 

0.01*71 

0.1*97 

0.525 

x«00 

0.0885 

0.0928 

1.21* 

0.01*1*0 

0.510 

0.508 

2.00 

0,0803 

0.0860 

1.02 

0.0389 

0.5U7 

0.1*61* 

U.00 

J.0722 

0.0791* 

0.821* 

0.031*3 

0.572 

0.1*26 

6.00 

0.0659 

0.0739 

0.686 

0.0325 

0.596 

0.393 

8.,00 

0.0618 

0.0703 

0.603 

0.0311 

0,616 

0.371 

10.0 

0.0590 

0.0678 

0.550 

0.0303 

0.632 

0.359 

20.0 

0.0522 

0.0621 

0.1*31 

0.0290 

0.677 

0.328 

i*o.o 

0,01*72 

0.0583 

0.352 

0.0285 

0.713 

0.309 

60.0 

0,01*1*1* 

0.0559 

0.311 

0.0276 

0.736 

0.291* 

80.0 

0,-'-;*12 

0.0527 

0.268 

0.0271* 

0.750 

0.278 

100 

0.0392 

0.0507 

0.21*3 

0.0272 

0.766 

0.267 

200 

0.035?. 

0.01*69 

0.196 

0.0265 

0.792 

0.21*2 

UOO 

0.0300 

0.01*16 

0.11*2 

0.0256 

0.819 

0.221 

600 

0.0273 

0.0366 

0.118 

0.0253 

0.832 

0.208 

800 

0.0261 

0.0372* 

0.108 

0.021*9 

0.81*0 

0.201 

1,000 

0.021*8 

0.0359 

0.0972 

0.021*9 

0.81*6 

0.191* 

2,000 

0.0223 

0.0330 

0.0786 

0.02a3 

O.803 

0.179 

1*,000 

0,0201 

0.0291* 

0.0638 

0.0233 

0.8?5 

0.167 

6,000 

0.0189 

0.0289 

0.0561* 

0.0223 

0.882 

0.159 

8,000 

0.0183 

0.0L81 

0.0529 

0.0213 

0.885 

0.155 

10,000 

0.0175 

0.0270 

0.01*81* 

0.0201* 

0.888 

0.155 

20,000 

0.0151 

0.0235 

0.0360 

0.0178 

0.896 

0.131 

1*0,000 

0.0133 

0.0208 

0.0279 

0.011*1 

0.901 

0.116 

60,000 

0,0121 

0.0190 

0.0231 

0.0120 

0.902 

0.107 

80,000 

0.0110 

0.0173 

0.0191 

0.0102 

0.903 

0.0969 

100,000 

0.0105 

0.0163 

0.0171* 

0.0093 

0.902* 

0.0928 

150,000 

0.00916 

0.011*3 

0.0133 

0.0073 

0.905 

0.0809 

200,000 

0.00850 

0.0131* 

0,0111* 

O.OO63 

0,906 

0.0751 

300,000 

0.00766 

0.0119 

0.0093 

0,0051 

0,907 

0.0676 

1*00,000 

0.00721 

0.0113 

0.0032 

0.001*6 

0.908 

0.063? 

500,000 

0,00699 

0.0110 

0.0077 

0.001*3 

0.90" 

0.0617 

600)000 

0.00685 

0.0107 

0.007U 

0.001*2 

0  ,??.o 

0.0601* 
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Mean  Square  Sea  Surface  Slope t  The  mean  square  sea  surface 
slope  for  wave  generation  as  a  function  of  can  be  obtained  from 

(7.5U)  and  (7.56),  Chapter  VII,  by  noting  that  one  may  write 
vmln*  Tmin/  ^  01 
®^min 


‘mm*- 


2  r-U 


(8.2?) 


2tU 


whence  the  mean  square  wave  steepness  is  given  by: 


[t]‘  •  hoTts  ,» {Kwl  *  *  ■jjft  -o-oct|  <»•») 


The  mean  square  sea  surface  slope  is  given  by 
- 


o-i  • 


-SL  [JLl 
32  L  X  J 


where 


a  ■  l6vr*rSrl 


(8.31) 


(8.32) 


given  by 


Spectral  Width  Parameter;  The  spectral  width  parameter  is 


8  ircr* 


+ 1 


1  +  0.273  r* 


(8.33) 


Since  and  r  are  functions  of  it  can  be 


seen 


that  (8,30)  through  (8.33)  are  also  functions  of  £~,  which  is  as 

—  „lr 

should  be  expected.  The  exact  values  of  |  tj  j  ,  cr^,  a  ,  and  «  depend 
the  proper  selection  of  which  must  be  obtained  frcm 


on 

measurements. 


2ttU 
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0.0193*  as  given  by 


j. 

If  it  is  assumed  for  the  present  that  -  ■ 
(8.25)*  one  obtains 


1  +  0.273  r2 


|r(l-r)+^  +(l-r)2 


3.88  + 


'"M 


<b.3i») 


in  all  probability  will  be  sane>hat  greater  than  0.0193, 

^  oV  Strain 


particularly  for  large  values  of  Until  is  determined 

as  a  function  of  ^|,  the  use  of  ($»3h)  will  result  perhaps  in  values 

— —  2  ® 

of  r_2.1  somewhat  higher  than  the  true  values*  For  example,  if  one 

i  J  E^m  l n 

3(0,0193)*  i-ne  factor  3.88  in  the  above  equation 


selected 


2irtJ 


will  be  replaced  by  3*88  -  In  3  ■  2.78. 


Using  (8.31*)  in  its  present-form  values  of  a,  tr2,  and  e  have 
been  computed  as  a  function  of  *  and  are  summarized  in  Table  8.2. 

U2 

a  and  <r2  are  also  shown  in  Figure  8.1. 


9.  Instrument  Attenuation 


All  wave-measuring  instruments,  with  the  exception  of  a  vertical 
capacitance  (or  resistance)  wire  type,  impose  an  attenuation  curve  on 
the  high  frequency  part  of  the  spectrum,  thus  artificially  narrowing 
the  spectrum,  which,  in  effect,  reduces  the  values  of  e  and  o-2  frcm 
the  theoretical  values  given  above.  For  this  reason  it  is  difficult 
to  determine  whether  iflmln  j_3  at  some  lew  limit  aa  governed  by  theory 


or  whether 


n  tTu/ 

— 2=2  has  a  finite  low  limit 
2irU 


as  imposed  by  nature. 


It  i3  a  well-known  fact  that  a  pressure  gage  below  the  mean 
surface  will  attenuate  low  period  vrves,  otherwise  visually  observed. 
Condiser,  for  example  (8.3U)  for  zero  correlation  in  the  following 
form: 


-0.0671-  In 


where  Train 


Tmln 
7f  ' 


(8.35) 
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?or  a  pressure  recorder  located  .10  feet  below  the  mean  water  surface, 
assume  all  waves  of  d/Lo  =*  0.5  are  filtered  out.  Since  L0  *  g?  , 
one  obtains  Twin  *  2  seconds.  (If  all  waves  cf  d/L0  >  1,  2lr 

^ipin  ”  1»U  seconds.)  For  d/L0  2  0.5  and  d  *  10  feet,  (8.35)  becomes 


j~j  «4  [-0.76  +  IpT] 


(8.36) 


The  subscript  ob  is  used  for  observed  value.  If,  on  the  other  hand, 
^min  “  C.07U  seconds  as  governed  by  the  capillary  limit,  then 


Kf  *  4  £*• 53  +  1,1  T1 


(8.37) 


The  subscript  tr  is  used  for  true  value. 

The  ratio  R  of  observed  to  true  becomes 


-0.76-Hr_T 
2. 53  +  In  t 


(8.38) 


Values  for  R  for  various  mean  period  1  are  given  below: 


A  0.16  0.239  0.286  0.320  0.3UU  0.362  0.379 

Since  o'2  is  given  by  (8.31),  this  will  also  be  reduced 
correspondingly.  The  spectral  width  parameter  given  by  (8,33)  is 
similarly  affected.  Instrument  attenuation  also  effects  the  mean 
wave  steepness  but  to  a  lesser  extent. 

Equation  for  o’2  given  in  the  paper  by  Bretschneider  (1957)° 
is  in  error  by  the  factor  of  1/8,  and  the  corresponding  values 
computed  are  too  large  by  a  factor  of  6.  The  correct  form  of  c r2 
and  «  are  presented  in  the  present  paper. 

10.  Comments  on  Critical  Wind  Speed 

It  seems  appropriate  to  make  a  few  comments  on  critical  wind 
speed.  The  extreme  lower  limit  for  gravity  wave  generation  presented 
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(.arlier  is  based  on  the  assumption  of  a  critical  wind  speed  arid  the 
capillary  wave  limit,  and  results  in  the  mean  square  sea  surface 
slope  as  a  function  >  the  fetch  parameter  gF/'j2.  If,  on  the  other 
hand,  only  the  capillary  wave  limit  had  been  selected  for  the  lower 
limit  of  generation,  the  mean  square  sea  surface  slope  would  be  a 
function  not  only  of  the  fetch  parameter  but  ^'.o  of  the  mean  wave 
period,  a  dimensional  quantity.  In  this  case  c  would  obtain  a 
separate  curve  of  <r2  versus  gF/y2  r?”  each  mean  wave  period.  However 
one  might  also  have  obtained  or2  as  a  function  only  of  gF/y2  by 
selecting  arbitrarily  some  low  limit  of  gF/y2  without  reference  to 
critical  wind  speed  and  capillary  wave  limit,  in  >hich  case  no 
discussion  would  be  necesoaiy. 

Hunk  (191*7)  presented  a  paper  on  critical  wind  speed  for  air  - 
sea  boundary  processes,  but  since  has  voiced  opinion  that  such  might 
nqt  be  the  cape  after  all.  Reference  ia  made  to  the  work  of  Ccoc  and 
Monk  (1956).  Later,  Hunk  (1957)  appears  to  be  dubious  as  to  whether 
a  critical  wind  speed  exists,  citing  the  work  of  Mandelbaum  (1956) 
and  Lawford  and  Veley  71956),  Evidently  a  controversy  exists  as  to 
whether  or  not  a  critical  wind  speed  actually  exists.  However,  such 
a  controversy  need  not  affect  the  results  presented  herein,  since 
mat  is  to  have  kept  one  from  selecting  arbitrarily  an  extreme  low 
limit  of  gF/{j2  by  extrapolating  gR/u2  and  gT/2irtJ  to  maximum  steepness 
H/L  ■  1/7,  guided  only  by  the  data  in  the  range  of  low  gF/u2? 
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FIGURE  81  FETCH  GRAPH  FOR  DEEP  WATER 


FIGURE  8.2  DURATION  GRAPH 
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CHAPTER  IX:  COMPARISON  OF  VARIOUS  PROPOSED  WAVE  SPECTRA 


1.  General 

It  is  of  interest  to  make  comparison*  of  the  various  proposed 
wave  spectra.  These  are  Derbyshire  (1952),  Derbyshire  (1955), 
Neumann  (1955),  and  that  of  the  present  study*  Recently  Neumann 
and  Pierson  (1957)  made  a  detailed  comparison  of  the  above  various 
theoretical  wave  spectra,  not  including  that  of  the  present  author, 
the  material  of  which  had  not  yet  been  circulated.  The  work  of 
Neumann  and  Pierson  (1957)  will  not  be  repeated  here,  except  that 
as  pertinent  to  the  present  discussion.  The  Roll  and  Usher  (1956) 
modification  of  the  Nemann  spectra#  and  the  Derbyshire  spectrum 
were  compared  with  the  Newann  spectrum.  This  comparison, nade  with 
data  by  Neunann  and  Pierson  (1957),  showed  that  the  Nermann  spectrum 
fitted  the  data  satisfactorily,  whereas  the  other  spectra  were 
unsatisfactory.  It  is  shown  that  the  appropriate  spectrum  frcm  the 
family  of  spectra  proposed  in  the  present  paper  fits  the  above  data 
equally  well  if  not  better. 

In  the  discussion  following,  the  four  wave  spectra  are  denoted 
by  Di,  D2,  N,  and  B,  corresponding  respectively  to  Derbyshire  (1952) 
Darbys  hire  (1955),  Neumann  (1955),  and  Dretschneider  (present  paper) 

The  Di  and  D2  spectra  were  presented  originally  in  terms  of  the 
gradient  wind  speed.  The  surface  wind  speed,  usually  considered  at 
normal  anemometer  level  (10  meters  above  mean  sea  level  in  case  of 
the  oceans),  is  equal  to  about  two-thirds  of  the  gradient  wind  speed 
but  may  be  quite  different  under  various  conditions  of  atmospheric 
stability  or  sea-air  temperature  differences.  So  that  all  spectra 
utilize  the  same  wind  elevation,  the  gradient  wind  speed  in  the  Di 
and  D2  spectra  are  replaced  by  3/2  of  the  surface  wind  speed.  The 
symbols  Sjj2  (T)  and  S^2  (w  )  are  retained  respectively  for  the 
period  spectrum  and  the  frequency  spectra#,  although  H56  and  H  2 
have  been  used  by  others.  The  comparison  is  limited  to  the  fully 
arisen  or  near  fully  arisen  sea,  30  that  the  B  spectrum  for  zero 
correlation  need'  only  be  discussed. 

Where  the  surface  vind  speed  is  used  and  the  units  of  Sjj2  (7) 
are  FT 2/sec  the  four  period  spectra  are: 
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(Ot)  SH?  (T) * C,  g2  T2e  35  8  [  2ttU  _l-09] 

,Cig2T5[N/— ~bT]  0<t<5n^5I 
■0  T>5^ 

_2LlLf 

IN)  SheIT)»  C3g2T4«  L2TrUj 


(d2)  V<t) 


na2  _  —  0.675f— rrr—  1 
©)  Sh2(T)  =  -^r  T3  e  L2ttUF?  J 

H  (27 r)4 


(9.1) 


where  the  constants  are  given  by 
Cx  -  1.8?  x  1(H»  sec 

C2  *  5.7  x  10"8  sec“3 

b  -  0.2  sec”1/2 

C3  “  2.0  x  10“*’  sec"1 


a  -  3.U37  Fj2/^1* 

dimensionless 

Fl  ■  f-7  (S'  f) 

dimensionless 

?2  -Sr-h  (f*  f) 

dimensionless 

With  the  proper  transformation,  the  corresponding  frequency 
spectra  are  given  by: 
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<P.) 


Sh2(w)«[c,  (2 t)3 


Sh2(w) 


(9. 


B) 


Sh2(«*>)»  ag2w' 


3.  Kvolvement  of  Proposed  Spectra 

Di  -  Darbyahire  (1952)  »•  The  Dx  spectrum  evolved  from  frequency- 
analysis  of  wave  records  obtained  from  sub-surface  pressure  type  wave 
records.  Thie  investigation  was  based  on  records  of  waves  made  on 
the  north  coast  of  Cornwall,  in  the  Irish  Sea,  and  in  Lough  Neagh. 
Synoptic  meteorological  charts  were  used  to  ob+.cir  retch  ’.eng+hs,  a.si 
gTcdio/:i  winds.  The  wave  oressure  transducer  was  on  the  sea  bed  at  a 
depth  of  about  5 0  feet.  T.ie  usual  hydrodynamic  relationships 
(presented  earlier)  were  used  to  convert  bottom  press’^e  to  surface 
elevation,  prior  to  the  frequency  analysis.  For  wave  periods  less 
than  about  o  seconds  the  bottom  pressure  fluctuations,  reduced  to 
sue*  a  low  level  that  the  process  was  no  longer  practicable,  were 
ignorod  by  Darbyshire.  Hence,  the  high  frequency  'components  are 
missing.  Water  depths  on  the  order  of  the  mean  wave  l-.agchs 
encompassed  much  of  the  fetch  length.  Because  of  wave  energy  loss 
due  to  bottom  friction  and  refraction  due  to  currents,  the  low 
frequency  components  are  somewhat  attenuated. 
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D2  -  Derbyshire  (1955)*  The  Dj  spectrum  evolved  by  frequency- 
analyzing  wave  records  obtain  v  -  from  a  ship-borne  wave  recorder  in 
the  North  Atlantic.  There  is  some  doubt  as  to  the  exact  calibration 
of  this  instrument*  but  it  is  known  to  beha\  timilar  to  a  sub¬ 
surface  pressure  recorder,  and  the  hi$i  frequency  components  are 
attenuated.  Although  frequency  a.  Lysis  of  wave  records  should  give 
the  best  estimate  of  the  wave  spectrum,  there  is  no  way  of  taking 
into  account  the  energy  of  those  components  filtered  out  or  net 
recorded  by  a  pressure  recorder. 

N  -  Neumann  (1955)*  The  N  spectrum  evolved  in  a  different 
manner  than  either  the  Di  or  D2  spectra.  On  the  basis  of  visual 
observations  from  assumed  fully  developed  seas,  Neumann  (1955) 
ob  \»incd  an  empirical  envelope  curve  for  the  data  plotted  in  terms 
of  ‘versus  (T/U)2,  which  is  given  by 


H» (const)  TVVzirU/  (9.3) 


where  T  was  defined  as  an  apparent  ware  period  and  is  given  the 
symbol  7.  The  enveloped  curve  was  not  determined  statistically, 
but  was  constructed  visually.  There  is  seme  question  as  to  thether 
or  not  the  symbol  should  be  T  or  7,  since  visual  observations  with 
a  stop  watch  are  difficult  to  make* 

Since  the  energy  is  proportional  to  wave  heigrt  squared, 
Neumann  in  effect  assumed  the  period  spectrum  of  H2  to  be  propor¬ 
tional  to  the  square  of  (9.3) .  Such  a  procedure  could  only  be  used 
if  (9.3)  was  the  equation  obtained  by  a  least  squares  technique. 

The  constant  in  the  N  spectrum  (9.1)  or  (9.2)  was  obtained  by 
squaring  (9.3)  «)>d  forcing  the  area  under  the  resulting  curve  to  be 
equal  to  li/v(ff)  ,  the  so-called  energy  coefficient  obtained  by 
Longuet-Higgins  (1952).  Hence  the  area  under  the  N  spectrum  must 
be  correct,  provided  (hat  of  Longuet-Higgins  (1952)  is  correct,  and 
this  seems  to  be  true,.  Whether  the  shape,  peak,  and  width  are 
correct  needs  to  be  investi gated  by  use  of  proper  wave  data. 
Although  the  first  operation,  squaring  (9.3),  may  not  necessarily 
be  based  on  correct  assumptions,  tho  evaluation  of  the  constant  in 
the  above  manner  tends  toward  compensation  because  there  are  a 
multitude  of  such  exponential  equations  which  might  represent 
approximately  the  true  wave  spectrum,  provided  th«  area  beneath 
the  curve  is  equal  to  « 

One  difficulty  with  the  method  assumed  by  Neumann  (19523  is 
that  the  constant  evolved  takes  on  the  dimension  of  seconds”-*-, 
resulting  in  wavs  heigvt-  proportional  to  the  5/2  [  ower  of  ths  wind 
speed  for  a  fully  developed  sea.  Tile  above  cannot  be  reconciled. 
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either  with  data  or  by  dimensional  homogenity,  and  is  sort  of  a 
paradox  since  a  constant  of  seconds"^-  and  u5/2  go  together  just 
as  a  dimensionless  constant  and  U2  go  together.  '  very  important 
factor,  however  elementary  it  may  be,  is  that  the  t  ~iod  spectrum 
of  H2  cannot  be  obtains d  by  squaring  the  enveloped  curve  of  data 
in  terms  of  H,  since  this  has  the  same  mathematical  implication  as 
squaring  the  equation  of  a  distribution  function.  The  wave  period 
distribution  function,  itself,  is  not  to  De  squared,  but  the 
individual  height  components  are  squared  and  then  summed  according 
to  the  heij^it  distribution  function.  This  fact  was  brought  to 
ligjit  in  the  development  of  the  family  of  spectra  in  the  present 
paper. 

B  -  Bretschneider  (present  paper):  As  stated  before,  the  family 
of  B  spectra  evolved  directly  from  the  joint  distribution  function, 
and  was  derived  theorett  cfUv  without  any  necessary  foreknowledge  of 
the  distribution  functions,  except  that  linear  regression  between  H 
and  T2  was  required.  Based  on  the  statistical  analysis  of  wave  data, 
it  was  found  that  the  Ray  lei  distribution  applied  to  wave  heigit 

variability  and  also  wave  length  (T2)  variability.  Thus  the  family 
of  B  spectra  was  determined  theoretically,  by  squaring  all  components 
of  H  and  summing  according  to  the  distribution  function.  Because 
the  B  spectra  evolved  in  this  manner,  all  high  frequency  components 
are  present  in  the  theoretical  spectra. 

The  fact  that  high  frequency  components  mi$it  have  been  attenuated 
or  even  filtered  out  by  use  of  pressure  records  used  in  one  statistical 
analysis  has  no  effect  on  the  derivation  of  the  family  of  wave  spectra, 
once  the  distribution  functions  were  decided  upon. 

Whereas  the  area  under  the  N  spectrun  was  forced  to  be  equal  to 
k/  v  (l)2,  the  area  of  h/ v  (IT)2  under  the  B  spectra  evolved  as  a 
physical  property.  Only  the  B  spectrum  for  zero  correlation  is  used 
in  the  material  following. 

It.  Hiyaical  Properties  of  Period  Spectra 

Energy.  The  area  under  the  spectra  is  equal 
square  wave  neight ,  and  when  multiplied  by  i/6  p  g 
energy  in  the  spectra  whence 

E*-gpgH2  (9.Jt) 


~5 

to  H  ,  the  mean 
gives  the  total 


where 


_  /•CO  /-CO 

H  1  Jq  SHZlT)dT  =  “ JQ  sH2(w)dw 


(9.?) 
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thus 


(0.) 

(°2) 

(N) 

IB) 


H*  *0.0098 


ii3 


H5  *0.00825  -p 
H2  *0.00594 

4f.2^4 

92 


7 


*■  ri 


When  U  is  in  ft/sec.  g  *  32.16  ft/sec^  and  i?  is  in  ft^j  >fcen  U 
is  in  cm/aao,  g  ■  980  cm/aec^,  and  is  in  cm*.  For  Di  and  D2 
spectra  f|5  *  l.Ut  (K)2  and  for  N  and  B  spectra  jj?  ■  U/ir  (H)  . 
For  all  four  spectra  -  1.6  !!.  Thus 


(9.6) 


9H»  _  /U\~ 

(Pi) 

-u*-*°-0,W) 

9N33 

(°2) 

UT-*0-12' 

IN) 

IB) 

(9.7) 


For  the  constant  0.131  ha  3  the  dimension  of  sec^  and  for  N 
the  constant  0.216  sec'"?.  For  a  fully  developed  sea  F]_  ■  0.177, 
Table  9.1  gives  typical  values  of  H33  versus  U  for  a  fully  developed 
sea  based  on  (9-. 7). 
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TtPT.g  9,1 


H33  VERSUS  U 
FCR  FULLY  DEVELOFEO  SEA 


Spectrum 

— 

D2 

N 

- 5“ 

U  (knots) 

Significant  Height,  feet 

ro 

1.6 

1.1 

1.1* 

•2.5 

15 

2.9 

2.1* 

3.9 

5.7 

20 

1*.5 

1*.2 

7.9 

10.0 

25 

6.3 

6.6 

13.8 

15.7 

30 

8.3 

9.5 

21.8 

22.6 

35 

10.5 

12.9 

32.0 

30.8 

1*0 

12.8 

16.8 

1*1*.7 

-  1*0.2 

1*5 

15.3 

21.3 

60.0 

50.1 

50 

17.9 

26.3 

78.1 

62.8 

55 

20.6 

31.8 

99.2 

75.9 

60 

23.5 

37.8 

123.3 

90.1* 

Wave  heights  for  Di  are  considerably  lower  than  those  for  D2, 
N,  and  B,  because  the  Di  spectrum  is  based  on  waves  which  ware 
influenced  considerably  by  shallow  water,  possibly  bottom  friction 
and  currents.  Wave  heigits  for  D2  are  lower  than  those  for  B  by  a 
constant  ratio  of  2.3l»»  which  would  indicate  that  D2  is  based  on 
waves  not  of  a  fully  developed  sea.  Whereas  FI  *  0.177  for  the  B 
spec trun  the  corresponding  value  for  D2  would  be  F^  “  0.177/2. 3h 
-  0.0755. 

Wave  heights  for  the  N  spectrum  are  quite  comparable  to  those 
for  the  B  spectrum  for  winds  between  25  and  1*0  knots.  At  1*5  knots 
and  above  and  20  knots  and  below  the  departures  become  quite 
noticeable. 

Mean  Wave  Period:  If  aero  correlation  exists  between  H  and  T 
it  can  be  V*ow!  that-  th»  period  sprctrvr-  h?«  prop?rt-.?r-  c?  tile- 
corresponding  period  distribution  function,  where  the  aero  moment 
soout  the  origin  is  used  as  the  normalizing  function.  It  may  be 
assumed  that  these  wave  periods  correspond  to  those  bare**  on  the 
crest  to  trough  method  of  analysis.  It  was  shown  earlier  that 
zero  correlation  quite  likely  exists  between  H  and  T  for  a  fully 
developed  sea.  From  the  above  discussion  one  may  obtain  the  mem 


wave  period. 

.CO 

[  TSU2(T)  dt 
_ - _ 

_  _ 

JQ  aHcu'" 01 
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(02) 

[v"L— ■ 

IN) 

f  s^zcrj]  -4.34 

L  h  Jmox  gz 

(9.12) 

(8) 

F2  U3 

[Su2(T)1  »0.279— jr— — 

l  H  Jmox  F2  9 

and 

(0.) 

T0p 

0.931 

(DZ) 

«  1.0715 

T 

(9.13) 

<N) 

Top 

*  0.94 

T 

(B) 

=>1.027 

T 

F'jt  a  fully  developed  sea  Fj  ■  0.177  and  F2  “  1.95*  typical 
values  of  [%2  (T)  ]  max  are  given  in  Table  9.2$  for  the  B  spectrum 
values  are  also  given  for  F]_  ■  0.106  and  Fg  “  1.0,  a  moderately 
generated  sea. 


TABLE  9.2 


typical  Values  cf  [sh2  (t)]  raax>  ft^/sbo 


Dpectrum 


u 

Knots 

°1 

d2 

N 

a 

Ftm)#o.77 

*2*1.95 

a 

Fy-0.1( 

Fg-l.O 

10 

0.91 

0.09 

0.01* 

0.31* 

0.098 

15 

2.09 

0.38 

0.21 

0.1*7 

0.33 

20 

3.72 

1.03 

0.6? 

1.11 

0.775 

25 

5.81 

2.25 

1.61* 

2.17 

1.52 

30 

8.37 

1*.26 

3.1*0 

3.75 

2.62 

35 

11.39 

7.30 

6.30 

5.96 

2*.  16 

1*0 

11*.88 

11.61 

10.75 

8.90 

6.22 

1*5 

18.83 

17.61 

17.22 

12.67 

8.85 

50 

23.25 

"5.1*5 

26.25 

17.38 

12.10 

55 

28.13 

35.51* 

38.1*3 

23.13 

16.15 

60 

33.U8 

1*8.18 

51*.  1*3 

30.02 

21.0 

Higher  Moments:  The  rrn  moment  of  T  about  the  origin  ia  given 


m„«4=  / 

..2  Jr 


r oo 

ss  /  TnSu2(T)«JT 
2  J  0  H 


It  can  be  shewn  for  unit  form  (  r  «  T/ij)  that 


M, 

tS  x - i- 


(9. lit) 
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...  ^ 


°3  . j^r  +g. 

T  (err)S 

t4-4t3»€t2  +2 

aA  * - - - - 

T  Pt)4 

Table  9.3  mmmrtzae  -  suite  fr*  the  above  equations. 
TABLE  9»3 
SUMMARY  QP  MOMENTS 

fitraaeier  "  — — — — — - - — — — — 


(9.15) 


1.001*252 
1.012113 
1.021*7 39 
0.0652 
-2.321 
100 


1.05001 

1.11*51*1*9 

1.28861*0 

0.221* 

-0.1*Q5 

2.71*0 


1.101*1*7 

1.32536 

1.70778 

0.3231 

+0.351*3 

2.779 


1.07815 
1.2 31*196 
1.1*81561, 
0.281 
-0.088 
2.755 


gyMwtion  0f  Wind  Sped  fw- 


not  too  *“•  *  **  1. 

relatione  between  wave  height*  J^*L°!2i“280a  deP«nila 
particular,  the  wl^qpeed^oowj^rtao^ie'unSir'fSr  * 

spectra  which  are  based  on  gradient^™?  f°r  Ih  and  Dg 

wind  speed  by  UK  -  2,#;.  jj,,  ed  5educed  to  surface 

from  the  varioul  spectra.  SerabfbrtnS^  **  el*«i«»ted 

level.  Ibis  is  done  by  v9  y  *•  *  ^ 
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(0.) 

(«>*) 

IN) 

(8) 


-0.675 


(9.16) 


It  is  interesting  to  note  that  the  dimensional  constants  in 

-  £  £  sSrMFtd  S  KS2  SLWr 

a  .k*.  tt.  Sri.od  ration 

is  related  to  the  period  spectrum  according  to 


plT,miSf  shz  lT) 


*r  in  unit  form 


St)Z«t)«7j2  pm-,  V* 


(9.17) 


(9.18) 


srjs  rs,T'£^|Ti%ts^re-*^"»d 

for  H  and  B  spectra  tj2  »  UA  * 

,  ,  -5l[r-0.9l]Z 

(D,)  S^tr).||.6T*e 

2 

(Da)  S,*It)-2I.2t»  [l-y1  ]  0<r<l.5 


(9.19) 


S-tW-4  (f^V.  W 

v  •/  '  •'  \3TT/ 


(B)  S^zlr)*  3.037 r  e 


—  0.675  •  4 
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and 


CO.) 

p(T)«8.07r*e 

(0*5 

p(r)«  14.74  r* 

(N) 

—  «)’«■ 

m 

P(t)  »2.7  ts  « 

•5I[t-0.92] 


(9.20) 


Table  9>U  gives  values  of  2(  t  )  versus  r  for  various  spectra. 
The  standard  form  of  the  period  speotr-m  is  related  to  normal  form 

by 


?vl" 


(9.21) 


Data  from  Table  9.U  are  plotted  in  Figure  9.1  far  the  Dg,  N, 
and  B  epeotraj  the  D]_  spectrum  is  greatly  peaked  end  out  of  range 
of  the  other  three  spectra,  and  is  not  shown  in  Figure  9*1.  It  is 
of  interest  to  note  the  degree  of  closeness  between  the  N  and  B 
spectra*  Both  have  the  earn  area,  k/ir  ,  but  the  B  spectrum  is  more 
peaked  and  more  nearly  the  shape  of  normal  distribution.  These  two 
curves  cross  in  three  places,  at  about  T  "  0.28,  0.86,  and  1.U3. 
Although  from  Table  9*3  a  kT  »  th®  irortosic,  is  slightly  greater 
for  the  N  spectrum  than  for  th*  B  spectrum,  the  B  spectrin  actually 
has  greater  peakedness.  Hence  the  word  "peakedness"  instead  of 
could  be  misleading.  The  D2  spectrum  has  the  lowest  value  of  a ^  J 
but  its  peakedness  is  greater  than  either  the  N  or  B  spectra,  but 
scan  of  this  is  due  to  greater  area  under  the  Do  spectrin  than  under 
N  or  B. 
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TABU  9«li 


S^2( r  )  VERSUS  r 


T"  T/f 

Dl 

Dj 

K 

fi 

0.1 

0,0002 

0.001 

0.003 

0.2 

0.020 

0.021* 

0.050 

0.3 

0.033 

0.098 

0.092 

0.1* 

0.167 

0.263 

0.216 

o.5 

0.001 

0.295 

0.1*12 

0.6 

0.027 

0.59k 

0.81*9 

0.680 

0.7 

0.739 

1,016 

1.172 

1.003 

0.8 

4.01 

1.515 

1.1*21* 

1.335 

0.9 

9.3U9 

2.003 

1.553 

1.609 

1.0 

7.675 

2.366 

1.51*2 

1.750 

1.1 

2.226 

2cli3U 

1.1*06 

1.690 

1.2 

0.229 

2.110 

1.188 

1.1*65 

1.3 

0,008 

1.1*17 

0.928 

1.099 

1.U 

0.513 

0.681 

0.70? 

1.5 

0.1*61* 

0.383 

1.6 

0.300 

0.169 

1.7 

0.185 

0.061 

1.8 

0.105 

0.017 

1.9 

o.o5U 

0.001* 

2.0 

0.028 

Top 

0.931 

1.0715 

0.91* 

1.027 

[V<T)]  «* 

9.8 

2,i*k 

1.589 

1.75k 

6.  Fhyaioal  Properties  of  the  Frequency  Spectre 


The  optimum  frequency 
frequency  spectre  Is 


d  SHz  (u) 
dot 


1 


«  0 


(9.22) 
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9 

U 

-*  1.15 

op 

(02) 

9 

Uwop 

"*3>88l2vuj 

IN) 

9 

Uo)op 

»  »  l.cta 

(B)  \frr  "u66 

and 


(9.23) 


(»,)  V^mox-0  07'-? 


(°z)  SH2(“,moxJ,,OI47'^T 

(9.2li) 

w  V^WO-o”^- 


2.12  F*  Fj  U5 

w  v(wUx“ — n — 


The  units  of  [Sh2(w  )]  are  in  ft2  sec.  Table  9.1?  gives 

typical  values  of  [S^2(w  )]  for  various  wind  speeds  for-  a  fully 

developed  sea.  For  the  B  spectrin  ?2  “  1*95  represents  a  fo3  ■'  r 
developed  sea,  and  F2  ■  1.0  a  Moderately  developed  sea* 
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TABLE  9.5 


TYPICAL  VALUES  [Sh2(<*>  )]  ^  Ft2  see 


u 

Knots 

Dl 

D2 

Spectrum 

N 

B 

11-0.177 

F2-l*95 

B 

Fl-O.t.06 

F2"1.0 

10 

5.6 

8,35 

0.72 

5olt 

1.0 

15 

28.5 

51.7 

8.2 

1*L 

7.6 

20 

89.5 

188 

1*6.5 

173 

32 

25 

218 

518 

177 

530 

98 

30 

1*53 

8L0 

l,U35 

1,170 

530 

i»5Uo 

28U 

35 

1‘0 

2,310 

U,300 

1,315 

2,880 

2,830 

5,Uoo 

525 

1,000 

U5 

2,300 

7,200 

5,860 

9,800 

1,815 

50 

3,500 

11,700 

11,000 

16,750 

3,100 

55 

e  ntn 

18,000 

18,000 

27,000 

5,000 

60 

7,250 

26,700 

33,300 

Ijl,800 

7,750 

Bmactad  Mustoar  of  Zeros  t  Each  tine  the  surface  deration  passes 
through  still  water  level  a  zero  crossing  is  made.  It  was  shown  by 
Rica  U9H5)  that  for  a  random  process,  the  expected  ntnber  of  zeros 
is  given  by 


EXPtO) *  2 


/■CO 

Jo  w 


«*s, 


(oj)du 


(9.25) 


Trm  this  relationship  Pierson  D.95U),  and  also  Nermann  (1955), 
define  an  apparent  naan  wave  period  T,  which  is  different  than  T 
obtained  by  use  of  (9*8),  according  to 


f 


JfCO 

-^Sh2  (TidT 
0  T2  " 


fOO 

I  Su2(")dT 

*0 


(9*26) 


ifil 


It  can  be  seen  that  the  so-called  Bean  apparent  wave  period 
in  nothing  aore  than 

_  j_ 

t-[hT]  ‘  '  W" 


Applying  (9*26)  to  the  various  spectra  one  obtains 


The  ratio  of  the  apparent  Bean  period  to  the  mean  wave  period 
becanes 


? 

(D|)  Y  ■  102 
(Pa)  y  =0.894 

y 

(N)  -=-“0.82 

w 

(B)  £*0.83 


(9.2 9) 
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*?q  h  *'j»t  5«t  v  ^f^ftjt ' 


It  is  sMn  that  there  will  be  aon  apparent  wn  periods  ? 
defined  by  the  sero-up  crossing  Method  thin  then  are  periods  T. 
defined  by  the  crest  to  trwigh  Method.  One  should  expect  sore  T 
than  T  since  the  crest  to  trough  Method  neglects  '?  saall  reversals 
in  surface  slope  that  cross  the  aero  line*  If  aU.  uhese  brnpb  were 
considered  in  the  analysis  of  waves  the  distributions  of  both  B  end 
T  Might .conceivably  be  different.  Fir-therm  ore,  there  would  be  *corv 
T  than  7,  since  there  are  also  bmps  in  the  troughs  and  on  the  orenba 
of  the  larger  waves,  ihich  rould  not  cross  through  sero  elevation. 
(See  Figure  2.6,  Chapter  II. ) 

theTWre  period  corresponding  to  a)*-  is  written  as  T  of  uj  or 
T(  Wop),  where  *  <* 


SJM- 


“fep 


The  ratios  of  T(  «  op)  to  f  and  ¥  nre  given  below 


(?.30) 


<P,)  ~JgSg_.  0.96 


-iy  ■  »0.94 


t 


(Pi) 


(N) 


(0) 


T(wop) 

T 

T(WoP) 

-T~m 


E  1.16 


1.15 


T(«„n) 

— — *  «.ir 


T(W0p) 


T  (wop) 


1.30 


1.4 


TKp) 

¥  "• 


(9.31) 


3pectral  Width  Faraaetar;  The  spectral  width  parameter,  «  ,  is 
given  oy '  '  ~  “ 


/  M2Z 
<  ■  .  /I - -2— 

V  M0M4 


(.-.32) 
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where  the  moment  Mq  of  Sh2(w  )  about  the  origin  is  obtained 
froa 


/•OO 

M„»  J  «nSH2(w)dw 


(V.33) 


Thus 

(0,)  «»  0.334 


(Oj)  <>0.665 

IN)  <»  0.815 


(O.jli) 


<  far  the  B  spectrum  for  values  of  T/^nin  are  given  below 
TAmin  2.5  3.0  3.5  U.O  1*.5  5.C  6.0  10.0  20.0  60.0  100.0 
<  0,29  0.1*9  0.-58  0.61*  0.67  0.70  0.7U  0.81  0.85  0.89  0.91 


For  f/Tjnjjn  ■  10  the  spectral  width  parameter  for  N  and  B 
spec  Vi  are  comparable  which  could  be  interpreted,  for  example,  the 
N  spectraa  does  not  include  wave  periods  less  than  1.0  second  far  a 
wave  record  having  a  mean  period  of  10  seconds.  Similarly  the  Dg 
spectrum  emit*  T  <  2.3  seconds  and  Di  omits  T  <  1*.0  seconds  for  a 
record  having  a  mean  period  of  1C  seconds. 

Hid*  Frequency  Relationships s  For  large  «  u*,  various  spectra 
reduce  to 

(Pi)  SnZltui-C^avr  )3  q2  oj~4 


(D2)  S^j2  («)  *C2(  2  v  )*  g*  a)-7 


e  *  l.  .1  -/*  #0  —  ^2  ,  .-6 

'w#  ”  v3'^-  "  1  V  w 


(9.35) 


(8)  SHz{(u)iug2w"5 
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According  to  the  writ  of  Burling  (1955)  and  also  Riillips  (195?)^ 
the  frequency  spectrw  for  high  frequency  (large  u  )  should  reduce 
according  to  the  B  spectral.  It  was  sham  earlier  for  plus  one 
correlation  (infant  stags  of  generation)  that  3'f ( w )  far  high 
frequency  reduced  proportional  to  w-9.  Evident!,  “-here  is  a  transi¬ 
tion  from  <t>m9  to  w-5,  me  D2  spectrum  can  be  interpreted  as  one  of 
young  sea.  this  view  is  supported  by  the  comparative  results  in  table 
9*1*  the  N  spectrum  ( w  “°)  is  perhaps  close  to  that  for  a  fully 
developed  sea.  It  is  difficult  to  acoount  for  to***  in  uhe  %  spectrum, 
except  that  1*1  is  based  on  waves  which  were  influenced  considerably  by 
shallow  water  and  currents. 

Mean  Frequenoyi  the  mean  frequency  w  may  be  defined  when  zero 
correlation  exists,  and  is  obtained  from. 


r° 

•'CO  wSH*^dw 


"•75 

J(D 

3^2  Mdw 
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(02) 
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(B) 

u©  r 
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(p2) 

©  T 

2  ir 
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7.  Elimination  of  Wind  Speed  from  Frequency  Spectra 

Further  coapari.eona  a  an  b«  made  by  eliminating  the  wind  speed 
fra*  the  various  frequency  spectra,  and  mi^t  be  *a_  by  use  of  (9*6) 
and  (9*9)  as  before,  or  perhaps  make  use  of  (9*27)  or  19*3?)  instead 
of  (9*9)*  It  matters  little  which  is  used  since  the  comparisons  are 
relative  to  certain  parameters)  and  it  appears  that  use  of  (9«37)  is 
satisfactory.  Using  (9*6)  and  (9*37)  ons  obtains  for  ths  various 
frequsnoy  speotra 


—n  m\ *  r  i  * 

SH*(«)-20.8H‘ — -[l-0.7-g-| 


If  one  defines  the  relative  frequency  v* -jjj 
frequoncy  spectra  becomes 


(0.) 

_ 

■42.6[v''-0.985]* 

Stj2(v)«  9.2v  e 

Pt) 

Sr)ZM*30.0  v~7ll- 

-0.7 v  j;0>  >•;  0.7 

IN) 

V(v,’^2'v'e‘ 

»£»-* 

16 

tmt 

r*  i  »  ,  4  “5 

-./*r  V4 

«C/ 

O^'dWI  -  — v 

e  v  io 

,  the  unit  form  of  the 
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TABLE  9.6 


S^2(  v  )  VERSOS  v 


V 

■a 

°2 

t: 

II 

0.1 

0,2 

0.3 

0.1* 

0.030 

0.5 

0.1*26 

0.058 

0.6 

1,21*1* 

0.91*3 

0.7 

0.0851 

1.825 

2.120 

0.8 

1.1230 

2.232 

1.896 

2.331* 

0.9 

7.1300 

3.086 

1.688 

1.91*5 

1.0 

9.11*' 

2.696 

1.358 

l.t*l*9 

1.1 

U.9129 

2.032 

1.01*2 

1.035 

1.2 

1.6581 

1.1*53 

0.782 

0.732 

1.3 

0.1*1*11* 

1.019 

0.579 

0.520 

l.U 

0.101*2 

0.710 

0.1*29 

0.371* 

1.5 

0,021*3 

0.1*98 

0.318 

0.272 

1.6 

o.oo51* 

0.352 

0.238 

0.201 

1.7 

0.0013 

0.252 

0.179 

0.151 

1.8 

0.0003 

0.183 

0.136 

0.211* 

1.9 

0.0001 

,  0.131* 

O.lGl* 

0.088 

2.0 

- 

0.099 

0.080 

0.069 

2.1 

0.071* 

0.062 

0.051* 

2.2 

0.056 

0.01*9 

0,01*3 

2.3 

0.01*3 

-  0.038 

0.035 

2.1* 

0.033 

0.031 

0.028 

2.5 

0.025 

0.025 

0.023 

2.6 

“op 

0.97 

0.857 

0.77 

0.771* 

[v<v  'jiUI 

9,50 

3.09 

1.93 

2.36 
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If  one  is  interested  in  the  probability  distribution  fvnction 
for  frequency  variability,  it  follows. 


Pi) 

p(v)«  6.38v  e 

(°2) 

plv) »  20.8  v"r[l-0.7  v-1] 

\ 

(9.hl) 

(N) 

IB) 

!>lv)«  v'w  v-fl  e 

Table  9*6  gives  values  cf  S^2(  v  )  versus'* ae  various  frequency 
spectra. 

Data  from  Table  9*6  are  plotted  in  Figure  9.2  for  the  N, 
and  B  spectra.  It  is  of  interest  to  note  the  closeness  between  the 
Dj,  H,  and  B  spectra.  Mien  all  three  spectra  are  in  unit  form,  and 
if  the  saws  wean  wave  height  and  nean  wave  period  were  predicted 
for  each,  there  would  be  little  disagreement  between  any  of  the  three 
spectra,  except  that  the  area*  under  Do  is  larger  than  that  under 
either  N  or  B  by  a  factor  of  1.2|i*  *  h/i t  ,  However,  in  standard  farm, 
using  the  wind  speed  as  a  parameter,  there  certainly  is  considerable 
disagreement  between  the  various  spectra  as  the  wind  speed  changes. 
Evidently  methods  of  measuring  wind  speed  and  wave  heights  and 
periods  are  critical  factors. 

8,  Distribution  of  Periods 


Two  definitions  of  wave  periods  have  been  used,  T,  the  rave 
period  by  crest-to-trough  method,  and  ¥,  the  wave  period  by  zero- 
up  crossing  method.  Fro#  (9.29}  it  is  seen  that  the  mean  of  these 
two  periods  is  related  by  a  constant.  From  the  analysis  of  the  data 
on  wave  period  variability,  Chapter  IV,  it  appears  that  the  same 
distribution  function  might  apply  for  either  method  of  analysis, 
whence 


p(?)d?«p(T)dT 


(9.U2) 
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where 


v  T 

?*  and  Tm  "y" 

Actually  the  apectrvn  proposad  by  Neusiann  (1955)  i»  assumed 
to  be  based  on  T  rather  than  T,  but  these  are  interchangeable  by 
use  of  (9.29).  The  statistical  parameters  given  in  Table  9.3  for 
N  and  B  spectra  and  Figure  9*1  imply  that  these  two  distributions 
are  nearly  the  same;  assuming  zero  correlation  applies  for  either 
spectra. 

9.  Mean  Square  Sea  Surface  Slope 

The  mean  square  st',  lorfaoe  slope  is  given  by 


<r 


k2SH2  (T)dT,  where 


k  = 


2ir 

"IT 


.  I  IZJJL 
^  ,(?>* 


(9-U3) 


Thus 
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It  is  noted  that  a2  varies  as  TT"*-  far  D^j  U2,  for  D2J  U,  for  Nj 
and  depends  on  gF/t!~  for  5  when  zero  correlation  exists^  and  becomes 
Inimpendent  of  gF/l!2  for  a  fully  developed  sea. 

The  solution  of  (9.1*3)  might  also  have  been  made  by  use  of  (9.16), 
in  which  case  one  obtains: 


(Dt)  0-2  =  0. 268(2 tt)4 


0  H2 


(0.)  <y‘ -0.346(2  it }  — £-*• 

2  gW 


(N)  o-2  *0.85(2v)4  — 


g2(T)4 


(B)  o-2={0.34)(2T)4(_lnTmi.n^0.067Q_JL_ 


(9.1*5) 


It  is  important  to  note  that  all  four  spectra  predicts2  in 
toms  of  tho  same  non-dimensional  parameter,  related  to  the  square 
of  the  wave  steepness,  and  this  is  as  should  be  expected.  According 
to  (9.1*5),<r2  given  by  all  four  spectra  migjit  be  interpreted  as  a 
function  of  gF/U2.  since  in  general  wave  steepness  is  a  function  of 
gF/U2.  Eq.  (9.1*5)  can  be  transformed  into  (9.1*1*)  by  use  of  (9.6) 
and  (9.9). 

Whereas  o-2  predicted  from  (9.1*1*)  results  in  larger  differences 
for  same  measured  wind  speed,  o-2  predicted  from  (9.1*5)  results  in 
lesser  differences  for  same  measured  wave  heists  and  peri  ode.  The 
most  nearly  correct  spectrum,  and  also  forecasting  relationships  as 
a  matter  of  fact,  is  that  -hich  satisfies  best  <r2  from  both  (9.1*1*) 
and  (9«l*5)»  correspondingly. 

For  Tmin  “  0.1  (corresponding  to  Twin  ■  1.0-rscond  for  a  10- 
second  mean  period  or  T^in  »  0.5  second  for  a  5-second  mean  period) 
both  N  and  B  spectra  predict  almost  identical  values  of  a2  according 
co  (9.U5)» 
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Since  °-2ruax  -  0.1  all  four  spectra  of  (9,44)  fail  for  seme  high 

value  of  prior  to  critical  steepness  of  H/L  ■  1/7  for  all 

gravity  wves.  This  should  be  expected,  since  (9.45)  applies  to  a 
fully  developed,  or  near  fully  developed  sea,  >  a  which  case  critical 
steepness  does  not  exist.  For  a  younger  sea  t.  general  fora  of  the 
B  spectra,  including  correlation,  predicts  cr2_-_  -  o.l  coincident 
with  critical  steepness  for  all  gravity  waves  H/L  ■  1 /?.  For  the 
f sadly  of  B  spectra  <r 2  as  a  function  of  H33/T 2i/o  may  be  obtained 
fro*  Table  8.2  of  Chapter  VIII.  n 

The  above  discussion  is  limited  to  gravity  waves  only,  T^ii,  »  0.074 
second.  According  to  the  measurements  of  Ccoc  ani  Hunk  (ly56)  it  was 
found  that  on  the  average  the  mean  square  sea  surface  slope  measurements 
were  about  3.3  times  greater  for  a  clean  surface  than  for  an  oil  slick 
surface  under  similar  meteorological  condition.  It  has  been  inferred 
by  Cox  and  Hunk  (1956)  and  Kewann  and  Pierson  (l957)  that  the 
measurements  from  the  -lick  surface  represent  only  the  gravity  wave 
components  and  that  the  clear  surface  includes  both  capillary  and 
gravity  wares. 

Although  the  B  spectra  is  not  intended  to  include  capillary  wares, 
it  is  tempting  to  assume  that  capillary  wares  aigrt  be  included.  For 
if  such  an  assumption  is  wade,  one  may  investigate  the  contribution  of 
a-2  due  to  capillary  waves,  since  <r2  is  proportional  to  the  negative 
of  In  Tain.  For  example,  if  T«jn  »  0.0025  second  (far  into  the 
'-papillary  range)  instead  of  0.07li  second,  <r2  vni  be  increased  by 

la-§fgC?5  "  3,lt*  However>  ther®  18  n0  extremely  lower  limit  to  which 

erne  might  justifiably  take  T^n.  since  at  T»4n  -  0,  the  equation  predicts 

crz  -00. 

10.  Reported  Data  Suitable  For  Wave  Spectra  Comparisons 

Reported  data  can  be  used  to  check  the  various  proposed  spectra, 
provided  these  data  are  applicable  to  conditions  for  which  the  spectra 
are  intended.  Although  seme  data  are  available  and  a  comparison  is 
made  with  the  various  spectra,  it  must  be  emphasized  that  a  concrete 
conclusion  in  ~~gard  to  the  wave  spectra  is  somewhat  difficult. 

Mean  Square  Sea  Surface  Slope  Measurements:  Data  are  reported 
on  mean  square  sea  surface  slope  by  Schooley  (1954).  Cox  ani  Munk 
(1956)  and  Farmer  (1956). 

Schooley* a  measurements  were  made  in  the  Anecostia  River.  There 
is  some  question  as  to  whether  contamination  of  the  river  surface  had 
any  effect  on  the  capillary  wave  components.  The  river  fetch  is  very 
sh— t,  and  for  the  wind  speeds  experienced,  cannot  be  compared  with 
the  spectra  for  fully  developed  sea. 


Measurements  by  Cox  and  Hunk  were  made  under  two  conditions, 
normal  clean  <sea  surface  and  a  surface  covered  with  oil  slicks. 
Measurements  for  the  clean  surface  include  components  of  a2  due  to 
capillary  waves  as  well  as  gravity  waves,  idler is  those  for  the  oil 
slick  surface  eliminate  capillary  wave  effects,  Vhat  other  effects 
the  oil  slick  has  on  the  processes  between  wind  and  sea  are  not 
known.  The  measurements  were  made  for  fetches  on  the  southern  ctrir 
of  the  Pacific  high,  near  the  Hawaiian  Islands,  and  in  general  the 
fetches  were  on  the  order  of  1,000  nautical  miles,  her  byshire  {1957), 
however,  pointed  out  that  these  measurement  a  were  carried  out  In  a 
sea  surrounded  by  small  islands  and  the  actual  fetch  did  not  exceed 
5  miles.  Neumann  and  Pierson  (1957),  on  the  contrary,  claim  that 
waves  frets  the  open  sea  could  have  passed  through  the  gaps  in  the 
islands  by  refraction  and  diffraction.  Along  with  the  measurements 
of  <r2  Cox  and  Hunk  (1956)  also  report  visual  observations  of 
significant  waves,  heights  within  +  J  foot  and  periods  within  ♦  i 
second.  These  observations  show  that  the  effectivo  fetch  is  greater 
than  5  miles.  Evidently  the  waves  generated  over  the  long  fetches 
arm  refracted  and  diffracted,  and  in  addition,  local  wind  generated 
waves  are  superimposed  thereon,  A  careful  review  of  the  wave 
observations  seams  to  point  to  the  fact  that  this  is  the  case.  Far 
sore  of  the  records  the  waves  are  predominantly  swell,  since  the 
corresponding  winds  are  much  too  lev  to  generate  the  reported  waves. 

The  measurements  of  Farmer  (19:'6)  were  taken  on  the  southern 
side  of  the  Bermuda  high,  but  there  is  some  question  as  to  an  error 
by  a  factor  of  four  in  the  calibration.  In  general.  Farmer  (1956) 
states  that  his  measurements  are  in  fairly  good  agreement  with 
those  of  Cox  and  Munk  (1956). 

From  tne  above  it  seems  appropriate  only  to  consider  the  data 
of  Cox  and  Munk  (1956).  Figure  9.3  shows  a  comparison  of  cr2  versus 
[^33/T^L ^3 ]  2  jr°r  •n<*  the  various  spectra.  The  B]_,  D2,  and 

N  spectra  show  a  linear  relationship  with  respect  to  the  square  cf 
the  steepness  parameter.  The  general  form  or  family  of  B  spectra 
is  used  for  the  corresponding  a2,  which  are  given  in  Table  8,2  of 
Chapter  Till,  The  scatter  of  data  is  great  and  a  very  low  degree 
of  correlation  is  found  between  observed  and  predicted  t2  for  any 
of  the  four  spectra.  The  overall  mean  of  <r2  is  in  closer  agreement 
to  that  predicted  from  the  B  spectra  than  from  either  £].,  £2,  or  N 
spectra.  It  is  not  difficult  to  account  for  much  scatter  of  the 
data,  since  <r2  is  proportioral  to  H332  and  inversely  proportional 
to  T&1/3.  Mean  values  of  significant  waves  for  these  data  are  about 
H33  -  4  feet  and  T1/3  m^h  seconds.  If  these  observations  are 
within  1  \  foot  ana  +  5  second,  the  maximum  range  in  scatter  from 
the  computed  or2  will  be  a  factor  on  the  order  of  0.5  to  2.0,  there¬ 
fore,  no  conclusions  can  be  mads  in  regard  to  Figure  9.3,  except 
that  all  spectra  seem  to  predict  <r2  between  the  data  for  clean 
surface  and  that  for  slick  surface. 
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Figure  9.1*  shows  *  comparison  of  o-2  versus  wind  speed  for  tha 
data  and  the  various  spectra.  Only  the  data  for  the  slick  surface 
are  used,  since  all  spectra  are  intended  to  exclude  capillary  waves. 

For  the  data  Cox  and  Munk  (1956)  present  statistical  linear  relation¬ 
ship*  for  a*^  versus  wind  speed  for  both  a  olr  >  i  surface  and  a  slick 
surface.  In  case  of  the  clean  surface  the  re..  .ionship  is  very  good. 

For  the  slick  surface  there  are  two  few  data  to  place  much  confidence 
in  the  linear  relationship.  In  fact,  the  data  appear  to  fit  a  curved 
relationship  equally  well  if  not  better.  The  D2  spectra  pi-edicts  a 
parabolic  relationship  at  o*2  versus  wind  speed,  but  the  curve  in 
reverse  to  that  indicated  by  the  data.  The  N  spectra*  predicts  a 
linear  relationship  of  a2  versus  U  in  fairly  good  agreement  with 
the  statistical  least  squares  relationship  of  Cox  and  Munk  (1956)  far 
the  data  fro*  slick  surfaces.  The  family  of  3  spectra  predicts 
curved  relationships  of  or2  versus  U  for  different  fetch  lengths,  and 
appears  to  be  in  fairly  good  agreanent  with  the  data,  provided  the 
effective  fetch  is  loss  than  100  nautical  miles.  The  e^act  effective 
fetch  lengths  for  oi?  ^liak  surfaces  applicable  to  these  data  are  not 
known.  Based  on  both  Figures  9*3  and  9.U,  it  is  believed  by  the 
present  author  that  the  order  in  which  agreement  is  best  between  data  and 
spectra  la  B,  N,  D2,  and  D^,  recognising  that  opinions  of  others 
may  be  N,  B,  Dg  and  D^,  or  acne  other  order. 

Computed  Sp" ctrat  From  Data  on  Project  SWOP*  Project  SWOP, 

Chase.  Cota,  forks,  Hereon,’ Bonne,  Stephenson,  Vetter,  and  Walden 
(195?)  is  the  first  comprehensive  project  cf  itc  kind  for  obtaining 
the  energy  spectrum  at  waves  under  one  particular  meteorological  aet 
of  conditions.  Nermann  and  Pierson  (1957)  have  concluded  that  the 
measurements  from  project  SWOP  verified  the  Nermann  spectrum,  at 
least  far  one  particular  wind  speed  of  18,7  knots.  Derbyshire  (1957), 
although  appearing  to  agree  with  the  conclusione  of  Neumann  and 
Pierson,  remarks  that  the  situation  may  not  necessarily  be  a  typical 
deep  water  one)  the  measurements  were  carried  out  at  a  point 
approximately  3 00  miles  south  of  Nova  Scotia  and  about  100  miles  to 
the  southeast  of  the  nearest  point  on  the  100-fathom  line  and 
tha  waves  mi&t  have  been  affected  by  the  Gulf  Stream.  What  actual 
effects  these  conditions  have  on  the  distortion  of  the  spectrm  is 
difficult  to  assess,  and  is  a  problem  for  future  studies.  It  is 
the  opinion  of  this  author,  however,  since  the  measurements  were 
sufficiently  remote  from  the  major  part  of  the  Gulf  Stream  that  its 
effect  is  perhaps  insignificant. 

Figure  9.5  shows  comparison  of  the  N  and  B  spectra  with  the 
data  from  SWOP,  where  y  «  96  seconds  as  used  by  Neumann  and  Pierson 

(1957).  In  order  to  determine  the  B  spectrum  it  is  necessary  that. 

and  ?2  he  determined.  It  is  reported  in  SWOP  that  the  significant 
wave  height  was  5.6  feet,  which  is  also  in  agreement,  with  that 
predicted  by  the  Neumann  equation  for  an  l8«7-k2ict  wind.  This 
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corresponds  to  E  0.62?  (6.6)  ■  lt.l  feet,  from  vhich  Fi  -  gh/u2  “  0,133 
and  gh33/u^  “  0.2I3J  frcm  Figure  8,1  of  Chapter  vj.II  this  corresponds 
to  gF/u2  ■  28,000  and  (&i/y /frrt  ■  1,13,  and  the  *lnix«  fetch  length 
is  lii2  nautical  Biles.  It  is  seen  that  this  oorrrsponds  to  near  aero 
correlation,  thence  F2  “  gf/9-riT  ■  1.13,  For  a  Cv  elation  coefficient 
r(ij.  X)  m  +0.2,  F2  ■  1.13/  /I  +  0.6  r  ■  1.065  ana  rat-  r0>},  X)  •>  +o,li, 
F2  ■  1.02.  Figure  9.5  far  the  B  spectrum  is  based  on  r(tjtX)  ■  0, 

FI  *  0.133  and  F 2  *  1.13.  The  area  under  the  B  spectrum  is  equ*l  to 
that  under  the  N  spectrum,  (li/jr)(H/2) 2  ,  and  this  should  be  expected 
since  both  spectra  utilise  the  same  value  of  3.  The  condition  of  fully 
developed  sea  has  not  yet  been  reached  according  to  the  B  spectrum. 

Far  much  greater  fetch  lengths  and  wLnd  duration.  Figure  8,1  would 
predict  H33  -  8.7  feet  instead  of  6.6  feet,  in  Which  case  the  area 
under  the  B  spectrum  would  be  1.7U  times  that  for  the  N  spectrum* 
However,  since  H33  ■  6.6  feet  was  reported,  this  value  should  be  used 
instead  of  8.7  feet  to  determine  F\  and  F2. 

The  area  under  the  cuaputed  spectrum  from  data  on  project  SWOP 
is  about  20  to  25  percent  greater  than  that  under  either  the  H  or  B 
spectra.  The  peak  of  the  computed  spectrum  is  almost  exactly  verified 
by  the  B  spectrum,  but  if  the  computed  spectrum  is  multiplied  by  0.8 
to  make  the  areas  under  all  curves  equal  then  the  peak  of  the  N 
spectrum  is  almost  exactly  verified.  The  high  frequency,  end  of  the 
computed  spectrum  is  almost  exactly  verified  by  the  N  spectrum,  but 
if  the  computed  spectrum  is  multiplied  by  0.8  then  the  high  frequency 
end  of  the  B  spectrum  is  almost  verified.  It  is  reported  by  project 
SWOP  that  a  certain'  amount  of  white  noise  waa  presented  and  the  data 
had  to  be  corrected  accordingly.  The  greatest  amount  of  white  noise 
is  associated  with  the  high  frequency  components.  If  the  data  had 
been  corrected  for  twice  the  computed  white  noise  instead  of  only  the 
computed  white  noise,  the  area  under  the  computed  spectrum  would  be 
very  nearly  equal  to  that  under  either  the  N  or  B  spectra.  In  this 
case  the  peak  of  the  computed  spectrum  changes  very  little  but  the 
high  frequency  components  change  appreciably  with  the  result  that 
the  B  spectrum  is  verified  almost  exactly  for  all  frequencies.  It 
appears  that  this  would  be  the  logical  correction,  since  the  B 
spsetma  for  high  frequency  verifies  the  work  ctf  Burling  (1955)  and 
Phillips  (1957)®. 


There  is  a  slight  char.ce  thet  correlation  r(+7,X)  i*  not  zero, 
since  the  relationship  of  g¥/2rriJ  (Figure  8,1)  is  extrapolated  from 
lower  values  cf  the  fetch  parameter.  Perhaps  the  maximum  value  of 
r(i>i  X)  is  less  than  +0,2.  If  this  be  the  case,  the  peak  of  ths  B 
spectrum  is  raised  slightly  and  shifted  toward  high  frequency 
components.  For  r(i? ,  X)  -  +0.I4  the  peak  becomes  more  pronounced 
and  shifts  further  toward  high  frequencies,  such  as  illustrated  in 
Figure  9.6,  Actually,  there  is  little  difference  between  the  3 
spectrum  for  r(’) ,  X)  «  0  and  r(i7,  X)  -  +1.1*,  since  the*:,  curves  are 
within  the  95  percent  confidence  limits  for  r(i?,  X)  *  +0.2.  Thus 
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it  is  fair  to  assuaa  the  B  spectrum  far  r(i?,X  )  ■  0  is  satisfactory 
for  the  comparative  test  between  the  N  spectrun  and  the  computed 
spectrin.  It  was  not  intended  to  omit  the  D2  spectrum  from  the  data 
test  for  project  SWOP,  since  this  was  covered  by  Neumann  and  Pierson 
(1957). 

It  is  only  logical  that  this  writer  be  inclined  to  stress 
preference  for  the  B  spectrum,  recognising  that  Neumann  and  iierson 
(1957)  prefer  the  N  spectrum,  and  Derbyshire  (195?)  the  D2  spectrum. 

One  important  fact,  however,  which  is  in  agreement  with  all  concerned, 
is  that  the  family  of  B  spectra  is  ona  more  theoretical  expression  to 
be  tested  for  use  of  future  data.  Far  such  a  test  to  be  made,  the 
correlation  coefficient  r(ij , X)  as  well  as  H  and  ?  (cr  A  E  and  k) 
must  be  determined. 

11.  Comments  on  Deoay  of  Wind  Generated  Gravity  Waves 

When  waves  dec-.,  xn  deep  water  the  longer  period  waves  travel 
faster  and  farther  than  the  shorter  period  waves.  In  this  process 
the  steepness  decreases  and  the  correlation  rotates  to  greater  positive 
values.  The  general  form  of  B  spectra  still  applies,  since  now  H  and 
I  are  functions  of  the  decay  parameters  instead  of  the  fetch  parameters, 
the  unit  font  of  the  B  spectra  again  becomes  peaked  and  narrow,  sines 
the  area  under  the  curve  is  still  h/v  (H)2,  However,  since  Tl/3 
increase  and  H33  decrease  with  the  increased  decay  distance  the  area 
under  the  curve  as  well  as  the  peak  decreases  for  the  standard  form 
of  the  B  spectra.  At  a  particular  decay  distance  the  peak  of  the  B 
spectra  increases  'with  Urns ,  since  the  mean  wave  period  decreases 
with  time.  Theoretically  for  a  fixed  deoay  distance  the  mean  period 
should  decrease  to  its  original  value  in  the  fetch  area  after  a  time 
equal  to  that  required  for  the  shortest  period  waves  to  be  propagated 
to  the  fixed  decay  distance.  However,  since  the  small  heights 
contributing  to  the  mean  in  the  fetch  area  will  have  been  attenuated 
beyond  measurement,  the  mean  period  at  the  fixed  decay  distance  will 
never  decrease  to  a  value  as  low  as  that  in  the  fetch  area. 

When  deep  water  waves  are  propagated  over  shallow  water,  the 
long  period  waves  feel  bottom  first  and  become  attenuated,  resulting 
in  a  shift  of  energy  to  lower  wave  periods,  opposite  to  the  shift  cf 
energy  for  decay  of  deep  water  waves  over  deep  water.  Observations 
in  the  Gulf  of  Mexico  indicate  a  decrease  in  si^iificant  wave  period 
shoreward  from  deep  water  for  onshore  winds.  This  causes  a  rotation 
in  correlation  coefficient  from  positive  to  zero  in  deep  water 
toward  negative  in  shallow  water. 

The  final  distribution  of  waves  and  the  wave  spectra  depend  on 
the  initial  conditions  at  the  end  of  the  fetch  and  in  the  fetch,  and 
the  method  in  -Jilch  decay  takes  place.  Refraction  ana  diffraction  -*» 
well  as  possible  breaking  waves  will  also  contribute  to  the  form  and 
shape  of  the  wave  spectrum  at  the  end  of  a  deoay  distance.  This 
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problem,  however,  is  far  fr a#  being  solved  at  present.  Figure  9.? 
is  an  illustrative  scheme  lhieh  mi^it  be  worthy  of  further  con¬ 
siderations.  This  figure  dejpicts  a  steepness  parameter,  H33/T3./32, 
[{ff/(f)2  cCrald  also  be  used)J  as  a  function  of  rotation  of  the 
regression  line  of  H  on  T2.  The  curves  for  1 '  e  deep  water  decay 
zone  result  from  decaying  over  deep  water  elt  ~.ts  of  the  joint 
distribution  function  for  zero  correlation.  The  decay  function 
from  Sverdrup  and  Munk  (191*7)  was  used,  although  sane  other 
calibrated  decay  function  migit  have  been  used.  A  whole  family  of 
such  curves  exist,  depending  on  the  stage  of  generation  Wien  decay 
ccnnences.  Curves  for  the  shallow  water  wave  iota  result  from 
decaying  over  shallow  water  elements  of  the  joint  distribution 
function  for  ssro  correlation,  taking  bottom  friction  into  account. 
Use  was  mads  of  the  dissipation  function  originally  presented  by 
Putnam  and  Johnson  (191*9),  and  applied  by  Bretschneider  and  Reid 
(19SU)  •  Cnly  one  condition  was  investigated,  and  that  was  for  a 
bottom  of  constant  depth.  Evidently  a  whole  family  of  such  curves 
exists  for  a  bottom  -onatant  depth,  and  perhaps  relationships  are 
possible  for  a  bottom  of  constant  slope,  or  for  the  Continental  Shelf 
area.  Computations  as  well  as  the  data  show  that  rotation  of 
correlation  is  positive  for  waves  decaying  in  deep  water  and  negative 
for  shallow  water.  If  the  initial  correlation  da  positive,  say  for  a 
very  young  sea  or  for  deep  water  swell,  it  is  also  possible  to  obtain 
zero  or  negative  correlation  Wien  further  decay  takes  place  over 
shallow  water.  Such  conditions  are  expeoted  over  the  Continental 
Shelf  area. 

A  forecasting  method  is  desirable  which  will  predict  not  only 
the  characteristic  heights  and  periods  but  also  the  correlation 
coefficient.  Such  a  method  would  permit  the  determination  of  the 
mean  wave  period  of  the  highest  p-percent  wave  heights.  In  this 
respect  the  joint  distribution  function  is  equally  as  Important  as 
the  wave  spectral  function.  In  fact  the  joint  distribution  fumtion 
nay  be  more  desirable,  sines  the  ware  spectral  function  evolves  from 
the  joint  distribution  function,  Wiereas  the  converse  might  not  be 
possible.  Perhaps  a  filter  technique,  similar  to  that  utilized  by 
Pierson,  Neumann,  and  James  (1955)  might  be  quite  useful.  However, 
any  of  the  above  methods,  whether  used  individually  or  collectively, 
require  refinements  and  calibration,  using  reliable  wave  data.  It 
is  believed  that  in  futma  analyses  of  wave  data  much  might  be  gained 
by  determining  correlation  coefficients  as  well  as  characteristic 
waves  and  energy  spectra. 
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SOURCE  SYM90L  TWRE  OF  WAVES 

o  ♦  Deep  Wotor  S*«ll 
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c  X  Wind  Gonorotid  Wove*  in  OiOp  Wotor 
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SYMBOLS 


A 

a 

B 

C 

Co 

C8 

Cl,  C2,  c3 

cg 

d 

E 

Ei(x) 

F 

*1 

*1.  f2 

g 

H 

Hi 

H 

HJO 

H33 

KlO 

H-, 

X 


wave  amplitude,  also  used  as  a  constant. 

constant  ■  0*927 

constant 

wave  celerity,  also  used  as  a  ccr.st'uit 
deep  water  wave  celerity 
wave  celerity  in  shallow  water 
constants 

group  velocity  of  waves 

water  depth 

wave  energy 

exponential  integral 

fetch  length 

gP/U2 

gT/2irtJ 

functions 

frequency  of  occurrence  of  data  for  class  i 

acceleration  of  gravity 

wave  hei#it  (STANDARD  FCRM) 

individual  wave  heigit 

mean  wave  height 

mean  of  highest  ^0-percent  wave  heights 

mean  of  highest  1/3  wave  heights  or  significant  travo 
height  (also  H2/3) 

mean  of  highest  10-percent  wave  height r, 
mean  of  highest  1- per cent  wavs  heights 
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k  -  2ir/L 
k  -  96/2  tt 


ni»  n2 


p^),  p(H) 
p(X),  p(L) 

p(r),  p(T' 


Maximum  wave  height  and  also  *:>st  probable  maximum 
height 

wave  number,  and  also 
seconds  for  computed  apectrun 
constants 

wave  length  ( STANDARD  FCRM,  used  in  tarns  of  L  ■  T2,  sac2) 


L0  «  gT2/2  tr  deep  water  wave  length 


wave  length  in  shallow  water 

individual  wave  length  (used  in  terms  of  Li  -  Ti2,  sec2) 

mean  wave  lengtl.  (used  in  terms  of  L  -?) 

mean  of  longest  50-parcent  wave  lengths 

mean  of  longest  1/3  wave  lengths 

mean  of  longest  10-percent  wave  lengths 

mean  of  longest  1-percent  wave  lengths 

maximum  wave  length,  also  most  probable  maxlmun  length 

moment 

n^1  moment  about  origin 
slope  in  equation  y  ■  mx  +  b 
total  mmiber  of  waves  in  a  record 
order  of  data  from  n  »  1  to  n  ■  N 
degrees  of  freedom 

used  to  denote  cumulative  probability 
used  to  denote  probability  density 
probability  density  of  wave  height 
probability  density  of  wave  length 
probability  density  of  wave  period 
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p0?,>0»  p£?,T)> 
pCH,l),  p(H,T) 


PyM,  Px0?) 

q',  q,  Q'»  Q 


%>  s7) 

SL»  SX 

st»  st 

s^x),  s.  (•»?), 
s’(r)  X 

s,2M 

s,3(r) 

S„2M 

Sh2(T) 

Sh2(w) 

T 

*i 

1 


Tl/3 


joint  probability  densities 

conditional  probability  functions 

related  to  wave  energy 

standard  deviation  of  wave  heigh* 

standard  deviation  of  wave  length 

standard  deviation  of  wave  period 

summation  functions,  also  X -spectra  of  17,  17-spectra 
of  X,  and  r-  spectra  of  17,  respectively 

X  -spectra  of  17  2 

P 

r -spectra  of  r) 

*s 

v-spectra  of  t\ 
period  spectra  (of  H2) 
frequency  spectra  (of  H2) 

wave  period  (STANDARD  FORM,  crest  to  trough  method) 

individual  wave  period 

man  wave  period  (crest  to  trough  method) 

significant  wave  period,  period  of  highest  l/3  wave 
heitfits 

apparent  wave  period  (zero-up  crossing  method) 

nean  apparent  wave  period  (zero-up  crossing  method) 

optimur.  period  (for  period  spectra) 

time  or  duration 

surface  wind  speed 

gradient  wind  speed 

horizontal  particle  velocity,  also  V£9&  in 
oawmui  and  normal  di:  - 

OAy*  vt****'»»"»  «»  '**■  0— — —  — — 

tribution  f ’motions,  and  far  change  of 
variable 
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V 


X 

z 

a 

a3 

r 

A  X 
AE 
€ 

y  *  H/I 

17  (Xp) 

XxSo) 

7ift  33) 

'Kho) 
v(  h) 

^^Xjnax) 

FX 

0*kx  -cot 
X  -  L/L-T2/^* 

XP 

XHp) 

X(i?5o) 

X(^33) 


vertical  particle  velocity,,  also  used  for  change 
of  variable 

horizontal  distance,  also  used  in  differential  dx 
used  in  change  of  variables 
-.onstant  T.iixlO”^ 

skewness  coefficient, a™  *  a^ri>a'ju 

a3T  <*  a3T  ^or  wave  height,  length,  and 
period,  respectively 

gamma  function 

increment  of  X 

element  of  energy  for  oemputed  pectnsa 

spectral  width  parameter 

wave  height  (NORMAL  FORM) 

mean  of  highest  p-percent  heights 

mean  height  of  longest  p-percent  lengths 

mean  height  of  longest  50-percent  lengths 

mean  height  of  longest  1/3  lengths 

mean  height  of  longest  10-pa  re ent  lengths 

mean  height  of  longest  1-percent  lengths 

height  of  longest  wave  length 

regression  lina  of  yon  X 

phase  position 

wave  length  (NORMAL  FORM) 

mean  of  longest  p-percent  lengths 

menu  length  of  highest  p-percent  heights 

mean  length  of  highest  50-percent  heights 

mean  length  of  nighest  1/3  Heights 
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X(i?lo) 

mean  length  of  highest  10-percent  heights 

M  vii 

mean  length  of  highest  ’ercent  heights 

^max^ 

length  of  hipest  wave 

Xt) 

regression  line  of  X  on  17 

(i) 

wave  frequency  (NORMAL  FORM) 

e 

elevation  of  wave  surface  and  i-  a  function  of 

piittDQ  pOoitMiva 

7T 

3.iia6 

P 

mass  density  of  water}  true  value  of  correlation 
coefficient 

a* 

mean  square  sea  surface  slope 

t  -  T/T 

wave  period  (NORMAL  FORM} 

T(>) 

mean  period  of  highest  p-percent  heights 

T  (^^O) 

mean  period  of  highest  50-percent  heights 

^33) 

mean  period  of  highest  1/3  heights 

T^io) 

mean  period  of  highest  10-percent  heigits 

T(171) 

mean  period  of  highest  1-percent  heights 

T^nax) 

period  of  highest  wave 

Top 

optimim  period  (t  -spectra  of  ij2) 

*P 

probability  integral 

<0  *  27r/T 

angular  frequency  (NORMAL  FORM) 

"op 

optimum  freqv-'i.cy  (w  -spectr»  of  17  2) 
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